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Abstract

Selective conformal prediction aims to construct prediction sets with valid coverage for a test
unit conditional on it being selected by a data-driven mechanism. While existing methods in the
offline setting handle any selection mechanism that is permutation invariant to the labeled data,
their extension to the online setting—where data arrives sequentially and later decisions depend
on earlier ones—is challenged by the fact that the selection mechanism is naturally asymmetric.
As such, existing methods only address a limited collection of selection mechanisms.

In this paper, we propose PErmutation-based Mondrian Conformal Inference (PEMI), a gen-
eral permutation-based framework for selective conformal prediction with arbitrary asymmetric
selection rules. Motivated by full and Mondrian conformal prediction, PEMI identifies all per-
mutations of the observed data (or a Monte-Carlo subset thereof) that lead to the same selection
event, and calibrates a prediction set using conformity scores over this selection-preserving ref-
erence set. Under standard exchangeability conditions, our prediction sets achieve finite-sample
exact selection-conditional coverage for any asymmetric selection mechanism and any predic-
tion model. PEMI naturally incorporates additional offline labeled data, extends to selection
mechanisms with multiple test samples, and achieves FCR control with fine-grained selection
taxonomies. We further work out efficient instantiations several for commonly-used online selec-
tion rules, including covariate-based rules, conformal p/e-values-based procedures, and selection
based on earlier outcomes. Finally, we demonstrate the efficacy of our methods across various
selection rules on a real drug discovery dataset and investigate their performance via simulations.

1 Introduction

Conformal prediction is a general framework for quantifying the uncertainty of black-box prediction models.
Given a set of labeled (calibration) data, it builds a prediction set that covers the unknown label of a
new (test) sample with a prescribed probability, assuming the test sample is exchangeable with the labeled
data (Vovk et al., 2005). In many applications, however, practitioners may be interested in only a subset of
test points, and the decision to issue a prediction set is itself data-driven. For example, a scientist may seek
a prediction set for the unknown activity of a drug candidate when the preliminary predictions from multiple
deep learning models disagree, or when its predicted activities are high (Svensson et al., 2018); see Jin and
Ren (2024) for more examples in medical diagnosis and robotics. Such selective issuance breaks the validity
of standard conformal prediction, which no longer guarantees coverage for the selected instances.

This motivates the problem of selective conformal prediction: given any data-driven process that decides
whether to query a prediction set, how to construct a prediction set with valid coverage for the queried
sample? Formally, assume access to labeled data {Zi}f;i, where Z; = (X;,Y;) with features X; € X and
labels Y; € ), and a new test unit with observed features X; € X and unknown label Y; € ). A selection
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mechanism is a fixed mapping S;: (X x Y)!~1 x X — {0, 1} using all the available data to determine whether
to issue a prediction set via the indicator S; := S§;(Z1,...,Z;—1, X¢). Given a confidence level a € (0, 1), the
goal is to construct a prediction set C,; C ) obeying

P(Y; € Cay|Si=1)>1—a, (1)

where the (conditional) probability is over the joint distribution of all the data points. Following the lit-
erature (Jin and Ren, 2024), we refer to (1) as selection-conditional coverage (SCC). The only assumption
throughout this paper is exchangeability:

Assumption 1. The sequence (Z1,...,7;) is exchangeable for every t € N*.

For clarity, we first focus on the online setting with a single test point arriving at time ¢, which has
attracted growing interest in selective conformal prediction (Bao et al., 2024a; Sale and Ramdas, 2025;
Humbert et al., 2025). We later show that our framework extends to (i) incorporating additional offline
data (Section 2.4) (ii) addressing asymmetric selection rules in the standard offline setting with multiple
test samples (Section 2.6), and (iii) achieving control of the false coverage rate (FCR) for certain classes of
selection rules (Section 2.5), all strictly generalizing existing results in the literature.

The selective conformal prediction problem was first studied in the offline setting where the selection
mechanism picks a subset of multiple test points (Bao et al., 2024b; Jin and Ren, 2024; Gazin et al.,
2025). Prior work recognizes the key challenge that, given selective issuance (i.e., conditional on S; = 1
as in (1)), the exchangeability between labeled and unlabeled data no longer holds, thus breaking the
validity of standard conformal prediction. To address this, existing methods typically construct a “reference
set” of calibration points that remain exchangeable with the test point after conditioning, often via certain
“swapping” techniques, and calibrate the prediction set with this subset only. This technique is formally
developed in Jin and Ren (2024), where the authors show that their Joint Mondrian Conformal Inference
(JOMI) method achieves (1) for any selection rule that is permutation-invariant to the labeled data {Z;}:Z1.

In the online setting, a fundamental complication is that the selection rule &; is inherently asymmetric:
the order of the (labeled) data affects the selection trajectory and thus the decision to select at time ¢.
This breaks the only symmetry assumption needed in the earlier offline methods. To address this challenge,
existing solutions that adapt such a “swapping” strategy to online, asymmetric selection rules need to place
strong constraints on both the selection rule and how the subset of “exchangeable” calibration data is
formed (Bao et al., 2024a; Sale and Ramdas, 2025). As a result, they cover only a narrow class of “decision-
driven” rules, namely, the decision at time ¢ depends only on past decisions {S; f;} and current X;, and
can produce vacuous or overly conservative prediction sets.

1.1 Our approach: selective inference over permutations

In this paper, we propose PErmutation-based Mondrian Conformal Inference (PEMI), a general framework
for achieving SCC in selective conformal prediction with arbitrary asymmetric selection rules. Our key idea
is to perform selective inference over permutations of the data, rather than over individual calibration data
points through pairwise swapping. Specifically, for a collection IT of permutations of the observed data points
(Z1,...,2Z;), we identify the subset of permutations that lead to the same selection event at time step t.
This subset serves as a selection-preserving reference set. We then calibrate the prediction set CA’a’t in the
usual way of conformal prediction: a hypothesized label value y € ) is included in CA’O@ if and only if the
resulting conformity score stays within the normal range defined by the scores under the selected subset of
permutations. See Figure 1 for a visualization.

In Section 2.3, we show that two choices of II lead to finite-sample SCC of PEMI prediction sets: one is
when II is the entire set of permutations over {1,...,t}, and the other is when II is a Monte-Carlo sample,
i.e., a random subset from all permutations. In both cases, the underlying rationale of PEMI connects to the
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Figure 1: An illustration of the proposed PEMI method. Starting from a set of permutations II of the
observed data, we identify the subset which leads to the same selection event after permutation. The final
prediction set is then calibrated based on the subset of permutations.

conditional inference approach in selective inference (Lee et al., 2016; Taylor and Tibshirani, 2016; Markovic
et al., 2017; Reid et al., 2017; Tibshirani et al., 2018), where inference is based on the distribution of a test
statistic conditional on a selection event. Here, the underlying random object is the random permutation that

leads to the observed data. Formally, let a “bag” of unordered data [z1, ..., z;] denote the unordered realized
values of the data, where z; € X x ) denotes a fixed value. Under exchangeability, the permutation 7 such
that (Z1,..., %) = (2z(1),- - -, 2#(+)) follows a uniform distribution over the set of all possible permutations.

When 1II is the set of all permutations, we leverage the fact that 7 follows a uniform distribution over
the reference set conditional on the selection event. When II is a randomly sampled subset, the coverage
guarantee follows from the exchangeability of 7 with other randomly sampled permutations.

Our key technique can thus be viewed as generalizing the swapping idea in JOMI (Jin and Ren, 2024) to
the level of permutations. In particular, the JOMI method seeks all the labeled data Z; = (X;,Y;) that, when
posited as a test point (i.e., swapped with Z;), would lead to the same selection event. Indeed, swapping
(Z;, Zy) is a special permutation of (Z1,...,Z;), and the swapping is all that matters when the selection
rule is symmetric (Remark 1). However, when the ordering of calibration data matters, we must reason at
the level of permutations to restore exchangeability. Such an idea mirrors the perspective of full conformal
prediction (FCP) as a permutation test; see Section 2.1 for a detailed discussion.

1.2 Preview of results

The PEMI framework is detailed in Section 2, where we develop our main methods and theory for online
selection rules concerning one single unlabeled data. Then, we discuss natural extensions to (i) incorporate
offline data, (ii) address asymmetric selection rules for multiple unlabeled data, and (iii) achieve false coverage
rate control for certain selection rules. All of these results strictly generalize the existing literature.

Our general framework necessitates computing the reference set of permutations with every imputed label
y € Y for the t-th data point, which can be computationally intractable for continuously-valued responses. In
Section 3, we work out computationally efficient instantiations of PEMI for a variety of online or asymmetric
selection rules, including:

(i) Covariate-based rules, where S; only involves the covariates {X;}!_;. This covers decision-driven selec-
tion rules studied in earlier work (Bao et al., 2024a; Sale and Ramdas, 2025), as well as selection based
on weighted quantile/average of covariate-based scores, and any black-box optimization programs.

(ii) Online multiple testing procedures based on conformal p/e-values such as Xu and Ramdas (2023).
(iii) Selection based on weighted quantiles of earlier outcomes.

In Section 4, we demonstrate the validity and efficiency of PEMI for a wide range of practical online
selection rules via a drug discovery dataset, where PEMI yields finite-size prediction sets with a handful of



labeled data, and achieves valid selection-conditional coverage across all settings. In Section 5, we further
investigate the behavior of PEMI through simulations and analyze the impact of several factors in the
selection rule and conformity score on its performance when compared with vanilla conformal prediction.

1.3 Related work

This work adds to the literature of selective conformal prediction. In the offline setting, the closest to
our work is Jin and Ren (2024), who proposed Joint Mondrian Conformal Inference (JOMI) to achieve
selection-conditional coverage yet the method only works for symmetric selection rules that are permutation
invariant to the labeled data. Our method strictly generalizes JOMI as we show that JOMI exactly reduces
to PEMI under symmetric selection rules (Remark 1). Our method can be seen as a generalization of
JOMI to asymmetric selection rules, extending the construction of reference sets from the data points to the
permutations, and exploiting exchangeability to achieve selection-conditional coverage.

To the best of our knowledge, the only existing works that construct prediction sets with selection-
conditional coverage in the online setting are Bao et al. (2024a) and Sale and Ramdas (2025). Both ap-
proaches rely on swap-based mechanisms to find a “reference set” conceptually similar to Jin and Ren (2024).
Specifically, Bao et al. (2024a) proposes the CAP procedure to construct prediction sets based on an adap-
tively selected labeled data, but their method only applies to the so-called decision-driven (i.e., S; only
involves {S;}i<: and X;) and symmetric covariate-dependent selection rules. In contrast, our general frame-
work accommodates arbitrary selection rules that can involve any information observed so far. Recently, the
EXPRESS method (Sale and Ramdas, 2025) improves CAP to achieve exact SCC, yet it only applies to the
same family of decision-driven selection rules. In addition, to ensure validity, EXPRESS imposes stringent
requirements when selecting the reference set (of data points), which may result in vacuous prediction sets of
infinite length. In contrast, by focusing on permutations, PEMI reduces the frequency of vacuous prediction
sets, thereby ensuring the practical efficiency while expanding the scope of selection rules addressed. Finally,
the recent work of Humbert et al. (2025) proposes OnlineSCI for online selective conformal prediction, which
extends the adaptive conformal inference (ACI) ideas (Gibbs and Candes, 2021) to selective inference. Onli-
neSCI provides asymptotic SCC and FCR control over time. In contrast, our paper establishes finite-sample
exact selection-conditional coverage by leveraging the exchangeability structure in the data.

Besides SCC, another goal in selective conformal prediction is to control the false coverage rate (FCR) (We-
instein and Ramdas, 2019; Xu and Ramdas, 2023; Humbert et al., 2025). The FCR control is addressed in the
offline setting for symmetric selection rules in Jin and Ren (2024). In the online setting, Bao et al. (2024a)
and Humbert et al. (2025) establishes certain asymptotic FCR control, while Sale and Ramdas (2025) shows
EXPRESS achieves FCR control for decision-driven selection rules. As we show later, our framework can
be generalized to fine-grained selection taxonomies and generalizing these results. This literature is further
connected to FCR-controlling methods in classical selective inference (Benjamini and Yekutieli, 2005; We-
instein and Ramdas, 2019; Xu et al., 2024). However, as we address the predictive inference problem, the
setup and the methodology differ significantly from them.

Our work is also closely related to the literature on conditional inference in classical post-selection infer-
ence (POSI) (Lee et al., 2016; Taylor and Tibshirani, 2016; Markovic et al., 2017; Reid et al., 2017; Tibshirani
et al., 2018). In particular, many existing methods focus on constructing confidence intervals for selected
parameters conditional on selection events. These approaches, however, typically require stronger assump-
tions, such as knowledge of the distribution of the estimators. In contrast, our method is concerned with
constructing prediction sets for random variables rather than for model parameters, and achieves selection-
conditional coverage by exploiting the exchangeability structure inherent in the data. Consequently, both
the setting and the methodological approach in our work are fundamentally different from those in POSI.



2 General method

2.1 Warm-up: full conformal prediction as permutation test

We begin by reviewing the full conformal prediction (FCP) procedure (Vovk et al., 2005) and interpreting it
as a permutation test. This perspective is not entirely new, but helps to warm up our approach (Angelopoulos
et al., 2025). Tt also offers an extension of FCP to asymmetric conformity scores.

To be consistent with the convention, we let n = ¢t — 1, and consider the labeled data D,, = {(X;,Y;)}"
and the augmented set DY | = {(X;,Y3)};_; U (Xp41,y), where y is a hypothesized value for the unknown
label Y;,+1 of the test point X,,11. Only for now, we let V be any function that maps a data point (z,y) and
a dataset D to the value V((z,y); D) € R that is symmetric, i.e., for any permutation 7 of D, it holds that
V((z,y); D) = V((x,y); Dx), where D, is obtained by permuting the data order in D through 7.

We define V¥ = V((X;,Y;); DY, 1}) as the conformity score of the i-th data point within the augmented
data, i = 1,...,n, and VY, | = V((Xnﬂ,y);Df’Hl). Then, the FCP set is given by inverting a conformal
p-value:
1+, VY =2 Vi)

n+1 '

Cant1 ={y €Y :ppcp > a}, where picp =

Intuitively, FCP can be interpreted as imputing a hypothesized value y for Y;, 11, and assessing whether
(Xn+1,y) is an outlier relative to the observed data {(X;,Y;)}? ;. This perspective is closely aligned with
the core idea behind the permutation test (Angelopoulos et al., 2025), which we state next.

Given a test statistic 7: Z""1 — R and (ordered) data (Z1,..., Z,11), the permutation test p-value is

. Zﬂ—el'[n+1 ]l{T(Zﬂ'(l)a BRI Z‘IT(7L+1)) > T(Zh sy Zn+1)}
Pperm = (n n 1)| ,

where II,, 1 denotes the set of all permutations on {1,...,n + 1}. To see why FCP is a permutation test,
we define the test statistic T(z1,...,2p11) = V(2na1; (21, -+, 2ny1)) for any (21,...,2,01) € 2771 Recall
the (unobserved) full data D,,11 = (Z1, ..., Zn+1). Due to the symmetry of V, for any 7 € II,

Y41
T(Zﬂ'(l)7 R Z7r(n+1)) = V(Z‘n'(n+1); (Z‘n'(l)a R Zﬂ'(nJrl))) = V(Zﬂ’(nJrl); Dn—i—l}) = Vw(nﬁ-l)

The permutation p-value using this specific statistic 7" then reduces to

Y41 Yni1 +1 Y, Y,
Z71’€Hn+1 ]I{Vﬂ(nJrl) > Vn+1 _ E?:l n!- IL{V; 1 > Vointt

Pperm = = ntl
(n+1)! (n+1)!
LY " >y oy,
= n+ 1 = Prcp -

In other words, the permutation p-value under 7'(-) is equivalent to the FCP p-value with the ground-
truth Y,,41 imputed. Thus, plop can be viewed as a permutation test for the exchangeability among
(Z1,.. .y Zn, (Zpt1,y)) to determine whether each y € Y should be included in the prediction set.

Permutation FCP with asymmetric score. While FCP requires the score function to be symmetric,
this permutation test perspective offers a natural (though computationally infeasible) approach to asymmet-
ric score functions, which connects to our method.

Formally, consider a general conformity score V((z,y); D) that can be asymmetric in the ordered data
D. For any hypothesized value y € ), we denote the augmented data as DY | = (Z1,...,Z,, Z% ;) and its
i-th element as Z; without loss of generality, as well as V; = V(Z/; D}, ). For any permutation 7 € II,41,
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we denote V. ), where DY = (Zji(l)7 . Zg(nﬂ)). Then, the above arguments imply

that the permutation-based prediction set

1= V(Zg(n+1);Dy

s

ZWEHH+1 ]l{V;'J,nJrl 2 Vny+1}
(n+1)!

(2)

Cg?rr;—li:ll = {y SN pgerm > CY}, where ply)erm =

yields finite-sample coverage: as long as (Z1, ..., Z,41) is exchangeable, we have P(Y, 41 € C10) > 1 —a.

Building on this foundation, our PEMI framework “lifts up” the unit of reference from individual data
points in Jin and Ren (2024) to permutations. Just like how the permutation test handles asymmetric
conformity score, we shall see how the PEMI framework naturally addresses asymmetric selection rules.

2.2 PEMI: General procedure

We are now ready to introduce the PEMI framework, which addresses asymmetry in the selection rules by
leveraging the permutation-based perspective in defining a reference set. We begin by the version using
the entire set of permutations over {1,...,¢} which resembles the permutation test above in Section 2.2.1,
followed by a computationally feasible version with randomly sampled permutations in 2.2.2.

From now on, we return to the notations with time point ¢ € N*. Throughout Sections 2.2 and 2.3,
the selection rule is Sy: 2871 x X — {0, 1}, and the prediction set relies on a pre-specified conformity score
V;: Zt — R, both sensitive to the ordering of the data in the arguments. For example, we may simply have
Vi(Zi,...,2Z;) =Y, — il(Xy)] for a pre-trained prediction model fi: X — Y and Y =R.

2.2.1 PEMI with full permutation reference set

Let Z} = (Xy,y) denote the ¢-th data point with a hypothesized response y € Y. We denote by II; the
set of all permutations of {1,...,t¢}, and by m the identity map. The first step of PEMI is to identify the
permutations 7 € II; that preserve the selection decisions, i.e., permuting the data via 7 leads to the same
selection event under S;. Formally, for any permutation 7 € I1;, we define the permuted data

’D;yr,t = (Zﬁi(l), Zﬁf(z)’ ceey Zfi(t_l), Xw(t)) ) (3)

where for j € [t — 1], we define the imputed data point after permutation

@) Zrijy, w(J) #t

Note that the observed data corresponds to the identity mapping: (Z1,...,Z;—1,X;) = Dﬁ’royt for any y € ).
Here we slightly override the earlier notation for the augmented dataset, so that now D?r’t records the
information used to decide the selective issuance at time point ¢ (after permutation).

For any permutation 7 € II;, we define the selection decision for the permuted data as S} (7) = S;(DY ;).
The reference set of permutations is then set as

Ri(y) = {m € I, : SY(m) = 1}, (4)

which contains 7y by definition. In addition, recall the conformity score for permuted data VJY(w) =
Ve(ZY .\, ZY - Zg(t)). Finally, the PEMI prediction set is constructed as

x(1) Zn(2)
N Y Yy
Chl = {y€Y:p"(y) > a}, where pi(y) = Znehy HVm0) < V) (5)
7 |R:e(y)|

The p-value in (5) can be viewed as a permutation test (2) with the selected reference set of permutations.
As we shall see in our theory in Section 2.3, this adjustment restores the validity of the permutation test
conditional on the selection event, thereby leading to selection-conditional validity: this holds even though
the conformity score V; and the selection rule S; are both sensitive to data ordering.




2.2.2 PEMI with random permutation reference set

While the above method guarantees validity, it quickly becomes computationally intractable as the size of II;
grows exponentially with ¢t. To address this challenge, we here develop a variant with Monte-Carlo samples
from II; that preserves finite-sample validity while enabling computational feasibility. Later in Section 3,
we will develop computationally efficient instances of PEMI based on this variant (which further tackle the
difficulty of imputing many y € V).

Fixing any M € N*, we independently draw M permutations ITM = (#(V) ... 7#(M)) from Unif(II;). We
then limit the selection of reference permutations within II; to construct

_ 1+ Zﬂeéfd(y) L{V;’(mo) < V{¥(m)}

mc M = {r M: yﬂ_ —
p(y) = 1+|Rf\/l(y)\ , where Ry (y)={m€ll,” : 5}(m) =1} (6)

Finally, the PEMI prediction set is

e ={ye¥:p) > a}. (7)
We may further randomly break the ties among the conformity scores and compute

S ety LV (10) < V)Y 4 U (L X,y LW (70) = V2 (1))
L+ R (y)|

where Uy, ..., Uy are i.i.d. random variables draw from Unif([0, 1]). The PEMI prediction set is then

ot ={y e Y:pi*™(y) > a}. (8)

P (y) =

)

Remark 1. Our method, especially the deterministic version in Section 2.2.1, is a strict generalization of
JOMI (Jin and Ren, 2024). To see this, we fix a time point t, and let S(-) be any symmetric selection rule to
decide the selection of the t-th data point, which is permutation invariant to the first t — 1 data points, and a
conformity score V: Z — R that only involves the test point. We again denote the permuted data as in (3).
The JOMI framework identifies for every y € YV a subset R]OM](y) C{1,...,t — 1} which consists of data
points i € [t — 1] such that, when swapping Z; with (X, 11,y), would lead to the same selection event. The
prediction set is then defined by CA&],?MI ={y: V(Xn41,y) < Quantile(1 — o {V (X, Yi) }ic oy 00N -
Indeed, with the symmetric selection function Sy = S, one can show that the PEMI reference set in (4) is
given by Ri(y) = Uic yommyuiim € Iz (i) = t}. With the conformity score Vi(z1, ..., 2¢) == V(z2), the
PEMI prediction set thus coincides with the JOMI prediction set. In its full generality, the JOMI framework
addresses the offline setting where a subset of multiple test points are selected; we discuss an extension of
PEMI to multiple test point in Section 2.6, which again generalizes JOMI in a similar way.

2.3 Theoretical guarantees
Theorem 1 establishes the finite-sample selection-conditional validity of the prediction sets above.

Theorem 1. Suppose the data {Z;}!_, are exchangeable. For any selection rule S;: 21 x X — {0,1} and
any conformity score Vy: Z' — R, the following statements hold:

(a) The prediction set (fﬁuil defined in (5) obeys
P(Y, el |Si=1)>1-a, Vt>1. (9)
(b) The prediction set é;"; defined in (7) obeys

P(Y, €Cl¢|Si=1)>1~a, Vit>1. (10)



(¢) The prediction set C:** defined in (8) obeys

a,t

P(Y, eClr|Sy=1)=1-a, Vi1 (11)

Theorem 1 shows the finite-sample selection-conditional coverage of the three PEMI prediction sets,
without any conditions on the selection mechanism. Notably, the coverage guarantee (10) and (11) holds
exactly for any finite number M € NT instead of relying on asymptotic Monte-Carlo approximation. A
large value of M increases the resolution of the p-values yet requires more extensive computation. In our
experiments, we fix M = 1000.

We defer the detailed proof to Appendix A.1.1 and provide some intuition here. Recognizing that
vieli, & pY)>1-a

for x € {full, mc,rand}, the key idea is to show the permutation test among Rt(Yt) is valid conditional on the
selection event. The specific techniques slightly differ in the two variants, and we discuss them separately.

For the validity of CE‘T in (a), we prove a stronger result

P(pﬁu“(Yi) <a] [Dt]vst = 1) <a,

where we define the unordered bag of full observations [D;] = [Z1,...,Z¢]. For any realized values of
the unordered set as [d;] = [z1,...,2t_1, 2], conditional on [D;] = [d;], the only randomness is in the
order of (Z1,...,7Z;) as a permutation of (21,...,2;). Due to exchangeability, one sees that #, the random
permutation such that (Z1,...,2;) = (2z(1), - -, Z#(t)), follows a uniform distribution on II;. Then, we show

that # ~ Unif(R,(Y;)) conditional on [Dy] = [d;] and S; = 1 (indeed, our construction ensures that Ry (Y}) is
determined by [D;] only). This leads to (a) in Theorem 1 via the Bayes’ rule and tower property.
full,

N

The validity of égli and éfj{ld relies on a slightly different structure than that of C the exchange-
ability between 7 (the permutation such that (Z1,...,2;) = (2x(1),---,2#())) and the randomly sampled
{m(mM_ Due to the independent and uniform sampling of {w(™}M_, from II;, we are able to show that
the permutations {7, 7oz, ..., 7o 7} are exchangeable. We then leverage this exchangeability and
rely on the selection-conditional distribution of © among the corresponding reference set of permutations

among {7, 7™M o7, ..., ™) o &} to prove statements (b) and (c) in Theorem 1.

a,t

Having completed the core general framework, the next three subsections are dedicated to several natural
generalizations of PEMI. These results help connect to existing methods and show that PEMI strictly gener-
alizes earlier methods. Readers interested in practical implementations of PEMI with concrete asymmetric
selection rules can move to Section 3 without missing key concepts.

2.4 Incorporating offline data

Several existing works in the online setting consider the incorporation of some offline data, i.e., labeled
data that are not considered for selection or deriving later selection decisions (Bao et al., 2024a; Sale and
Ramdas, 2025). While PEMI works without offline data, it handles these settings by simply extending the
permutations to the entire sequence of all the data data.

Following the literature, we denote the offline data as Dog = {Z_p41,. .., Zo}, where n is the number of
offline samples. They are collected prior to the online selection procedure and are independent of {Z;}!_;.
The online data up to time ¢ are denoted by Dyon = {Z1,...,X;} and we denote the complete data as
Di ={Z_nt1,---,Zt—1,X:}. We assume that data in D; are exchangeable. We then define the selection
rule applied to all data as S; = S;(D;), where S; is a fixed mapping S;: (X x V)"~ x X — {0,1}. Note
that this general setup covers the setting where S; is a function of the online data only. Accordingly, in this
section, the conformity score V;: (X x Y)"™* — R can depend on the entire sequence of data.



Here, we extend PEMI via permuting the entire set of online and offline data. For a hypothesized y € Y
and a permutation 7w of {—n 4+ 1,...,t}, we denote the permuted dataset DY ; = (Zr(—p41) () - Xr(@))-
Under the permutation, the selection decision is then Sy () = S;(D% ;), and the conformity score is V;¥ (7) =

Vi(Za(=nt+1)(¥), -+ Zz@)(y)). Then, we construct the reference set and the conformal p-value via
L4+ X, e pngy LV (m0) < V() A
iy meR(y) t ¢ off M y
Py (y) = ~ , where Ry(y) = {7T €Il o : Sy (m) = 1},
1+ R (y)]
and H%H = {7‘('(1), s )} is a set of permutations independently and uniformly drawn from the set of
permutations over {—n +1,...,t}. Finally, we define our prediction set as
Ch ={yey:py) > a}. (12)

Theorem 2. Suppose that {Z;}}__, ., U{Z;},_, are exchangeable. Then égﬁ{ defined in (12) obeys
P(Y, €Cl|S,=1)>1~a, Vt>1. (13)

The detailed proof of Theorem 2 is deferred to Appendix A.1.2. This extension is intuitive: when more
data is available, we simply apply the same ideas in Section 2 to the enlarged dataset. Under exchangeability,
the same theoretical arguments still go through.

The practical benefit of including offline data is that a large fraction of permutations may be included
in the reference set, which leads to more stable and efficient prediction set. For example, consider all the
permutations that keep the online data {1,...,t—1} invariant and only permutes {—n+1,...,—1,¢}. Under
such permutation, all the selection decisions before time ¢ remain the same, and the permutation would be
included in ]??H(y) if the offline data posited into time ¢ are “similar enough” to (X;,y). Finally, we remark
that our framework does not necessarily require the offline data to operate, and this extension is introduced
primarily for completeness and to bridge with existing literature.

2.5 General selection taxonomy and FCR control

Besides the SCC, many existing works also consider the false coverage rate (FCR) when multiple test points
are selected. While our discussion so far has been focused on the SCC, in this part, we introduce the concept
of selection taxonomy and extend PEMI to provide FCR control in certain situations.

Similar to Jin and Ren (2024), we define a selection taxonomy & C {0, 1} as any pre-specified collection
of binary sequences of length t. Intuitively, the taxonomy is a set of selection trajectories satisfying desired
pre-specified properties. Given a taxonomy &, the selection-conditional coverage can be generalized to

P(Y; € Cot | S =1,(S1,...,8) €6)>1—a. (14)

Our framework can be readily extended to achieve this form of coverage. Specifically, we construct the
reference set as the permutations that lead to the same selection event in the taxonomy:

Ri(y) = {m e I} : SY(m) = 1, (SY(m),...,S¢(m)) € &}.
The PEMI prediction set can be constructed similar to before:

5 {yey: 1+Zw€l§’t(y) ]].{V;y(’fr()) Sv;fy(ﬂ—)} >a}.

Cat(6) = 1+ |Re(y)]

The proof of (14) with C, (&) is a straightforward extension of the proof of Theorem 1.



FCR Control. We now demonstrate that we can achieve FCR control by setting an appropriate taxonomy.
The FCR quantifies the expected proportion of selected prediction sets that fail to cover the true outcome:

FOR - 5| Zem S LY € Cad |
Lv Zt:l St

(15)

Here T € NT is the total number of time points.

Existing methods achieve the FCR control for the so-called decision-driven selection rules, where the
selection rules are deterministic functions of past selection decisions (Sale and Ramdas, 2025; Bao et al.,
2024a). By introducing an appropriate selection taxonomy, PEMI is also able to achieve FCR control in
similar settings. At each time ¢, we record the observed selection trajectory as s1 = §(X1), s2 = §(Z1, X2),

, 8t =8(Z1,...,2Z1-1,X}), and define the taxonomy as & := {(s1,...,8¢)}.

The following theorem shows that under a conditional independence assumption on future selection
decisions, this construction of PEMI prediction set yields FCR control.

Theorem 3. Suppose for each t € N+A, the selection decisions {Sy }v > are independent of 1{Y; € CAWg(G)}
conditional on (Si,...,Si—1). Then {Co (&)}, for & :={(s1,...,s:)} above obeys FCR < .

Theorem 3 is proved in Appendix A.1.3. The core idea here is similar to Sale and Ramdas (2025, Propo-
sition 5.2). By incorporating the taxonomy, the prediction sets {Cy +(&)}7_, achieve coverage conditional on
the entire selection trajectory, which further implies FCR control. A natural scenario where the conditional
independence assumption holds is in the decision-driven selection rules. In general, however, we remark
that exact FCR control without being overly conservative is challenging. With arbitrary selection rules, the
decisions and label uncertainty over multiple time points have complicated dependence. We thus leave the
problem as an open future direction.

2.6 Generalization to multiple test samples

In this subsection, we generalize PEMI to an offline-like setting where multiple test points can be selected.
For the ease of clarity, we adopt notations similar to the JOMI framework (Jin and Ren, 2024).

Consider the calibration data Deaii, = {Z;}1; and test data Dyest = {Xn4; };":1 We consider a general
selection mechanism for multiple test samples S: (X x Y)™ x X™ — 2{L-m} *which can be arbitrarily
sensitive to data ordering. We also rely on a pre-specified conformity score V: (X x Y)"*1 — R, which is
also sensitive to data ordering (e.g., being a function of only the last data point). The goal is to construct
prediction sets only for the selected samples with selection-conditional coverage. This setting also reduces
to that of JOMI when S is assumed to be permutation invariant to the first n arguments (calibration data).

Our method follows the same principle as in Section 2.2. Consider the selection set S=8 (Dealib, Drest) C
{1,...,m}. Let II}% ; = (7, ..., 7)) where each 7("™) is randomly and uniformly drawn from the set of
all permutations over {1,...,n,n+j}. Foreach j € S and any hypothesized value y, we define the permuted
calibration data DI, (y) and permuted test data D (y) in a similar way:

galib(y) = (Zﬂ(l)(y)7 Zﬂ(2)(y)7 (RS Zﬂ'(n—l)(y)v ZTr(n)(y)) )
Dgest (y) = (—X’n+17 X’n+27 s 7X7'r('n,+j)7 BEEE) Xner) )

where the imputed full data after permutation is Z(;(y) = (Xnqj,y) if 7(i) = n 4 j and (X, Yeq)) if
7(i) < n. Accordingly, the selection set after permutation is denoted as S™(y) = S (DI (), Dlegt (v)), and
the conformity score is V71y+j(7r) =V(Zz)¥);s s Zrn)(¥)s Zn(n+5)(y)). We define the reference set

RM (y)={mell) :jeS™(y}
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and construct the PEMI prediction set

. L+ 3 cam o MV (mo) < VL i(m)}
Camntj =1y €V :puyjly) >}, where pnyj(y) = . -
L+ [RY i (y)]

(16)

Theorem 4. Suppose that {Z;}7_U{Z;} are exchangeable conditional on { Xn11}iem)\ {5} for any j € [m].
Then Conyj defined in (16) obeys

P(Ynij € Camijlj€S)>1—a. (17)

We defer the detailed proof of Theorem 4 to Appendix A.1.4. Similar to the proof of Theorem 1, we
show a stronger result here:

P<pn+j(yn+j) <o ‘ Jje 517 [Dj]7D§7 [ﬁ-M]) <a

where we define the unordered set of full observations [D;] = [Z4, ..., Zy, Zn+,], the remaining test data
D§ = Diest\{Xn+;} and the unordered permutation set [#] = [7, 7MW ow, ..., ™) o 7]. The general
arguments still follow the same ideas, except that we now condition on all the other test points.

3 Computationally efficient instantiations

So far, we have established a general framework for predictive inference with selection-conditional coverage for
arbitrary selection rules. In classification problems, one can solve for the PEMI prediction set by enumerating
all classes y € Y. However, when || is infinite, such an enumeration is still computationally intractable.

In this section, we present efficient algorithms tailored to a wide range of common selection rules with
special structures. We focus on three broad classes of selection rules: covariate-dependent rules, conformal
selection, and selection based on earlier outcomes. To achieve efficient computation, throughout, we limit
the scope to conformity score functions that involve only the last data point, i.e., Vi(z1,...,2t) = v(2s, yt),
for a pre-specified function v : X x ) — R. We also only focus on the Monte-Carlo variants églg and (fgf’"t“d.

3.1 Covariate-dependent selection rules

We first consider a broad class of selection rules known as covariate-dependent rules (Jin and Ren, 2024).
In this setting, the selection decision at time ¢ only depends on the covariates {X;}!_; and not the response
values {Yz}f;% This covers many commonly used selection rules:

1. Selection based on weighted quantile. A unit t is selected if its predicted value is above the weighted
quantile of the predicted values (or any scores) of the past ¢ — 1 data at level g. Such ideas have been
used to improve robustness of distribution shifts (Barber et al., 2023). In online settings, the weights
{w; f;i may vary over time, and the selection rule is asymmetric to the labeled data.

2. Selection based on weighted average. A unit t is selected if its predicted value is larger than the weighted
average of the predicted values of the past ¢t — 1 data. Similar to the quantile case, the selection rule
can be naturally asymmetric.

3. Decision-driven selection. This is the class of rules studied by Bao et al. (2024a); Sale and Ramdas
(2025). Here, the selection S; is a function of X; and all the past selection decisions {S;}i_1 only. Such
rules are covariate-dependent, since they do not involve the responses {Y; f;%

4. Selection based on black-box online optimization. Many online algorithms produce decisions based on
streaming data, which fall within this category if the optimization problem involves covariates only,
such as the online Knapsack problems in resource allocation (Chakrabarty et al., 2008).

11



Algorithm 1 PEMI with Random Permutation for Covariate-dependent Selection

Input: Online data stream {(X;,Y;)}X,, confidence level 1 — o, number of permutations M, covariate-
dependent selection rule S, conformity score function v(,-).
1: fort=1to N do
2 Compute S; = 8(Z1,...,Zi—1, X4);
3 if S; =1 then
4 Construct the full permutation set II; over the indices {1,...,t};
5: Randomly sample M permutations 71, ..., 7(M) from II, and denote them as mM;
6 Compute R, and By as (18)
7 Construct prediction set:

1+ [(1— o)1+ |R)]
| By

e = {y e ¥ v(Xi,y) < Quantile( : {0(Xn(0: Yoo bren, U{+o0}) |-
8: end if
9: end for A

Output: Prediction sets C3'§ for each selected time steps ¢

We now present the procedure applicable to any covariate-dependent selection rule. The key to simplifica-
tion is that the reference set remains the same for any hypothesized value y € ). Since the selection rule does
not involve the labels, we may denote the selection decision under any imputed response as Sy (7) = Sy(m).

The following proposition provides the explicit form of the PEMI prediction set, with proof in Ap-

pendix A.1.5. Algorithm 1 summarizes the procedure, where we only present C*glg for brevity.

Proposition 1. Assume S; = 1. Let ITM be the random permutation set sampled as in Section 2.2.2. Define
Ri={melM:S(n)=1}, By={melM:Si(r)=1, n(t) #1}. (18)

The PEMI prediction sets are given by:
(a) €% = {y € ¥ : v(Xy,y) < Quantile (8; {v(Xry, Ya(p) e, U {+00})} for g = O AR

(b) C};f"{‘d ={y e Y :v(Xy,y) < q}, where the random threshold q € R is sampled from

Quantile T‘jg—:ll; {w(Xr@), Ye)) b e, U {—|—oo}> ,  with probability p
Quantile ﬁ; (X, Yew) treB, U {—i—oo}) ,  with probability 1 — p

~

Here, we define the probability p = a(1+mt|)7§fe‘gr*+176*‘9) for ey, = #{m € Ry : V(Xr)s Yrr) =

v }s € = #T € Be  0(Xa(), Yay) = 0oy}, and 77 = min{i vy = V40 ayag k)]t where
vy <o <Y B,y are the order statistics of {v(Xn(ty, Ya(r)) : T € Bt}

3.2 Conformal selection

The second class of selection rules are known as conformal selection, which aims to select units whose out-
comes satisfy certain conditions while controlling the type-I error rate (Jin and Candes, 2023; Jin and Candes,
2025; Xu and Ramdas, 2023). Such decisions are produced by (online) hypothesis testing procedures based
on certain conformal p-values or e-values constructed for each test point. With online testing procedures,
this class of selection rules is often asymmetric and involves earlier outcomes. Yet, we are able to establish
a simplified implementation due to the structure of the conformal p/e-values.
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We follow the setting of Jin and Candes (2023); Jin and Ren (2024) with slight modifications to accom-
modate the online context. At each time ¢, we observe the test point X; along with a threshold ¢; € R of

interest. The goal is to select points with Y; > ¢; based on the calibration data are {(X;,Y;,¢;) t;}

The selection relies on any score function F' : X x R — R such that F(x,y) is non-increasing in y € R
for any x € X. Denoting F; = F(X;,¢;), we define a general weighted conformal p-value as

w Wt Zf;} w; - 1{F; > F,,Y; < ¢;}
' Zle w; ’

where {w;}?°, is a pre-fixed sequence of non-negative weights. This p-value is a weighted version of the
conformal p-value introduced in Jin and Candes (2023) with the powerful “clipped” score (Jin and Ren, 2024).
Following similar arguments in Barber et al. (2023) and Jin and Candes (2023), when {(X;,Y;,¢;)}_, are
exchangeable, such a p-value is valid, i.e., P(p}’ < «, Y; < ¢;) < a for all « € [0,1]. The conformal selection
framework has been applied to identifying promising drug candidates in drug discovery (Bai et al., 2025)
and reliable language model outputs (Gui et al., 2024), and extended to online settings (Xu and Ramdas,
2023), where the need for uncertainty quantification after selection naturally arises.

We provide the implementations of PEMI for two broad classes of selection rules that (1) threshold the
p-value p¥, and (2) threshold certain e-values constructed based on the conformal p-values.

3.2.1 p-value-based selection rules

We first consider selection procedures based on thresholding the conformal p-values at certain values. As
data arrive sequentially, one can either test each unit individually, or test multiple units across the entire
sequence. We thus consider two major types of thresholding methods:

1. Fized threshold: Unit t is selected if p}” is below a fixed threshold ¢ € (0,1).

2. Adaptive threshold: Unit ¢ is selected if p}” is below an adaptive threshold determined by an online
multiple testing algorithm (Javanmard and Montanari, 2015; Ramdas et al., 2019).

The second class covers a broad range of online testing methods such as LOND (Javanmard and Monta-
nari, 2015), SAFFRON (Ramdas et al., 2019), and ADDIS (Tian and Ramdas, 2019). These methods often
set an adaptive threshold a; at each time point to allocate error rates, which is dynamically updated to
balance discovery power and error control. The thresholds in these methods can be unified as

Qp = G(t7 ftflv 0)7 where -thl = U({pi7 Q; f;i)7

for some function G(-). Above, t denotes the time step, F;_1 is the o-algebra generated by the history of
realized p-values {p; f;i and adaptive thresholds {a; f;% Finally, @ collects all the fixed hyper-parameters
such as the weight sequence {; };>1 in the three methods, initial alpha-wealth Wy in SAFFRON and ADDIS,
the fixed thresholds A in SAFFRON or (), 7) in ADDIS.!

Under this selection rule, the key observation is that the core quantities {p;, ai}f;% driving the selection
decisions depend on earlier outcomes Y; only through the binary event 1{Y; < ¢;}. Therefore, in each region
{y < ¢t} and {y > ¢}, the selection event after imputing y and permuting the data admits a simple form.

Proposition 2 provides the explicit form of the PEMI prediction set under this selection rule, where we
only present C3'§ for brevity. The proof is in Appendix A.1.6 and the procedure is summarized in Algorithm 2.

Proposition 2. Let oy € (0,1) denote the selection threshold at time t, which can be either fixed (e.g.,
oy = q for some q) or adaptive (e.g., ay = G(t; F1_1,0) as above). Consider a selected time point t € NT

1We note that these online testing procedures typically work for independent p-values, and thus it is unclear yet whether
they provide type-I error control with our weighted p-values. Although we conjecture this might be true due to the known
positive dependence structures (Jin and Candes, 2023), a rigorous study is beyond the scope of this work. Instead, one may
view them as working procedures one may use in practice to derive the selection decisions.
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whose weighted conformal p-value obeys pY’ < ay. For any permutation m over the indices [t], we define the
permuted score Fr;y = F( Xy, cry) fori € [t]. For k€ {0,1} and j € [t], we define

wh Wi icici a1 Wil{Friy 2 Frys Yagy < Ca} Tk wea g U{F 2 Frgy ) - L{n ' (1) < j)

p’.Tr - i

" Dl Wi
Based on these p-values and any pre-specified online multiple testing algorithm, we can compute the threshold
at time t. For k € {0,1}, it holds that R;(y) = RY when Y; > ¢; and R(y) = R} when Y; < ¢;. Define

k
t,m
={melM: pt <af.}, Bf={meRi:n(t)#t}. (19)

Then, the PEMI prediction set is given by
Cli={yeV:y>c,v(Xpy) <do}U{yeV:y<c,v(X,y) <a}, (20)

where i, = Quantile(l's_[(lT‘)¢ka {o(Xa@ys Yot) trenr U {+00}) for k € {0,1}.

Algorithm 2 PEMI with Random Permutation for conformal p-value and e-value

Input: Online data stream {(X;,Y;)}X,, confidence level 1 — o, number of permutations M, selection rule
S, pre-trained model (), conformity score V(+), selection rule € {p-value, e-value}.
1: fort=1to N do

2 Compute S; = S(Z1,...,Zi—1, X4);

3 if S; =1 then

4 Construct the full permutation set II; over the indices {1,...,t};

5: Randomly sample M permutations 71, ..., 7(M) from II, and denote them as nM;

6: Compute the threshold ay;

7 if rule = p-value then

8 Compute RF and BF as (19) for k=0,1;

9: if rule = e-value then

10: Compute RF and BF as (21) for k=0, 1;

11: Compute g, = Quantile(M {v(X, ) eerr U {+oo})for k=01,
[BF| ) ) Tr(t) n€B}k

12: Compute Cm§ as in (19).

13:  end if

14: end for

Output: Prediction set é;ng for each selected time steps t

3.2.2 e-value-based selection

In the context of online multiple testing, e-values provide an alternative and increasingly popular framework
with desirable properties not available with p-values, such as validity under arbitrary dependence. Here we
show that PEMI also admits computationally simple forms with selections from e-value-based procedures.

We adopt the e-LOND algorithm along with the form of e-values proposed in Xu and Ramdas (2023).
We assume access to n € N offline data which will be used in selection. Our PEMI prediction set uses all
offline data together with the historical online data, following the generalized approach in Section 2.4. We
now introduce the construction of e-values in this algorithm. At each time ¢, for every past index j € [t — 1],
we first construct two leave-one-out conformal p-values:

Y ME > FLYi <) 1+ YL L HE > F Y <)

— + .
bi = S n+1
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We then apply the LOND procedure (Javanmard and Montanari, 2015) separately to (p;) je[t—1 and
(pj )jelt—1] to obtain two selection sets R, and R, which yield adaptive levels 47N~ := a~, (IR, |+

1) and arONP .= . (|R;" | +1). Note that these two LOND selection sets are used only to construct the
e-value and do not represent the actual e-LOND selection set. Then, the e-value is defined as

1+ Z?:—n—i—l ]I{Fz > F,Y; < ci}

EE_LOND = ﬂ{pt < &%OND,+}/&%OND,— —

,  where p;:=

Since the current time is ¢, the past selection decisions are known. We denote the selection set by e-LOND
up to time t — 1 as (%C‘LOND) Then, the unit ¢ is selected if and only if

Ef—LOND > 1/a§—LOND’ where e LOND =y - (|§%?;LIOND| 4 1)

Xu and Ramdas (2023) has shown that this form of e-value is valid and that the e-LOND algorithm guarantees
FDR control in the online setting.

Proposition 3 provides the explicit form of the PEMI set, where we only present CmC for simplicity. The
detailed proof is deferred to Appendix A.1.7 and the procedure is summarized in Algorlthm 2.

Proposition 3. Consider a selected unit t € Nt obeying E; > 1/af*ONP . For any permutation m over
{=n+1,...,t}, we denote the score after permutation Fr;y = F(Xz), i) fori € {-n+1,...,t}. For
k € {0, 1}, we define the two leave-one-out conformal p-values for each j € [t] under permutation 7 by

. > nti<i<oign—1t) WERG) = Fri)s Yot S ey} +k-L{E > Frgyy - L{n () < 0}
g = n+1 ’

St _ 1+ Y icicoipni WEr() = Fr()s Yaty < eagy} + k- 1{F, > Frg} - 1 {7 1(t) < 0}
J,7 n-+1 .

For each i € [t], let @f}r and ozk+ be the corresponding thresholds computed with {p?”ﬂ_}1<j<z 1 and
{pf7:}1<j<l 1 by the LOND algomthm. Then we define the e-values under permutation 7 by Ef = ]l{pZ <
ak +}/ak ~ for all i € [t]. Similarly, based on these e-values and e-LOND algorithm, we can compute the
threshold &y . at time t. Then, we have Ri(y) = RY fory > ¢, and Ry(y) = R} fory < c;, where

= {ren]M:Ef, >1/af .}, Bf={reRf:n(t)#t}. (21)

Finally, the PEMI prediction set can be computed via

é(;’fg:{yey:y>cta U(Xtay) SQAO}U{yeyinCty U(Xt7y) Squ}a (22)
k
where 4, = Quantile(% {o(Xa@)s Yrt) trenr U {+o00})for k =0,1.

3.3 Selection based on earlier outcomes

The final class of selection rules we consider is based on weighted quantiles of earlier outcomes. Specifically, a
test point is selected if a user-specified score [i(X;) exceeds the weighted quantile of {V; }z 1> where the weights
{w;}{_, are a fixed sequence. This class covers any choice of the score, and with simple transformations one
can address selection rules based on weighted quantiles of certain transformation of the outcomes, such as
Y; — f(Xy), Yi - f(X;), and so on, for any function f(-).

Given the weights, we denote the weighted quantile as wQ(1 — f; {Yz}f;%) for any 8 € [0,1]. The key
to efficient numerical search for the quantile rule is as follows. We partition the range of y by the scores
{fi1, ..., fiz—1}. Within each region, the relative ordering of y and {uz} 1 remains the same, so the reference

15



set Ry (y) is constant in this region. We can thus compute Rt(y) for a representative value of y in each region
and merge these regions to obtain the final prediction set.

The following proposition 4 provides the explicit form of the prediction set, where we only present C’““C for
simplicity. The detailed proof is deferred to Appendix A.1.8. Algorithm 3 is a summary of this procedure.

Proposition 4. Suppose that at time t, we have [i(X:) > wQ(1—5; {Yl}f;%) We denote the sorted sequence
of earlier scores {ﬂ(XZ)}f;% by i1y < fua) < -+ < fii—1), which partitions the range of y into t open intervals
L, ..., It, where Iy = (70071&(1))7 Ij - (la(j—l)aﬂ(j))) Jorj=2,...,t—1, and Iy = (ﬂ(t—1)7+oo)' Let Hiw
denote the random permutation set over {1,...,t}. Then, the PEMI prediction set at time t is given by

Ce = (U= CS0) v i, (25)
Here, we define the boundary prediction subset as
Cot = {yw € (B i = o1 () > af (24)

where p*°(y) is defined in (6). For each interval I;, the interval-wise prediction subset is

. . (7)
€ ={ve 15 o(Xiy) < Quantte(HLEREEIL (X, Vo) byep U+l | (29

where BY) = {x € RY : n(t) # t}, and
B ={me I i(Xan) < i p < afu{m e DY aXa) 2 ol <a}, (26)
where we denote figy = —oo and fi;s) = +00, and the p-values are given by

(k) _ Zl<z<t 1itn—1(t) Wi 1{Yw( > (X )} + Wr-1(4) - k
Pr =1 )
Zi:1 W;

k=0,1.

Algorithm 3 PEMI with Random Permutation for Selection based on earlier outcomes

Input: Online data stream {(X;,Y;)}Y,, confidence level 1 — o, number of permutations M, selection rule
S, pre-trained model fi(-), conformity score V(+).
1: fori=1to N do

2 Compute S; = St(Z1, ..., Zi—1, X+);

3 if S; =1 then

4: Randomly sample ITM = {7(1) ... 7M1 from II;, the full permutation set over {1,...,t};

5 Partition the range of y using the sorted sequence fi(1y < fi2)y < -+ < fi4—1), and denote the
resulting open intervals as I, ..., I;

6: Construct the reference set jo) for j=1,...,t as (26);

7: Compute prediction sets C\/) for j = 1,...,t and Chd as (25) and (24);

8 Merge interval-wise and boundary pred1ct10n set to form the final prediction set CAg“; in (23).

9: end if
10: end for
Output: Prediction set Cp'y for unit selected at time step .

4 Real application in drug discovery

We demonstrate the utility of PEMI through a real drug discovery dataset under a wide range of asymmetric
selection rules in Section 3. In drug discovery, predictive models are widely employed to assist in selecting

16



promising drug candidates. In such high-stakes scenarios, quantifying the uncertainty of predictions is critical
for understanding and controlling errors in later developments. Real selection processes are often online, with
drug candidates evaluated sequentially over time, leading to various asymmetric selection rules.

We focus on a drug-target interactions (DTI) task, where the goal is to construct prediction sets for the
unknown (continuously-valued) binding affinities of pairs selected in an online process. Our results show that
across various selection rules, PEMI consistently delivers precise selection-conditional coverage. In contrast,
vanilla conformal prediction fails to achieve target coverage in most cases, and in the few cases where the
coverage is attained, the size of the resulting prediction sets is exceedingly large.

Dataset and model. We utilize the DAVIS dataset (Davis et al., 2011), which contains real-valued binding
affinities for 30,060 drug-target pairs. The covariates consist of the encoded structures of drugs and disease
targets. We randomly sample 20% of the dataset to train a three-layer neural network using DeepPurpose
library (Huang et al., 2020), which serves as our regression model fi: X — R used in the residual conformity
score Vi(z1,...,2t) = |y+ — fi(x4)|. In the online setting, a separate calibration dataset is not required; thus,
the remaining 80% of the data form the test data pool.

Selection rules. We consider three types of realistic selection rules S (details to be introduced later):
1. Cowvariate-dependent selection: selecting drugs based solely on covariate information.

(a) Decision-driven selection rules. When the scientist operates under a fixed budget for investigating
drug candidates, the selection strategy becomes increasingly stringent as more pairs are chosen,
so that later selections are restricted to candidates with higher predicted binding affinity.

(b) Weighted quantile/average. When the scientist prioritizes predictions from more recent time
points, the selection strategy can be based on a weighted quantile or average of the previously
predicted affinities, where recent drug-target pairs receive higher weights.

(c) Selection based on model uncertainty. The scientist select drug candidates when their predicted
affinities disagree between multiple models (high variance), as such disagreement may suggest the
need for further experimental investigation.

2. Conformal selection: selecting drugs based on conformal p-values or e-values.

(a) Fixed threshold. When the scientist evaluates each drug-target pair individually, the selection
rule can be based on a conformal p-value with a fixed threshold, so that a candidate is pursued
only if its conformal p-value falls below a pre-specified level.

(b) E-LOND. When the scientist aims to identify a sequence of promising drug-target pairs, the
selection strategy can follow the e-LOND procedure to control the FDR below some ¢ € (0, 1).

3. Selection based on earlier outcomes: the scientist selects drugs based on past outcomes, i.e., the current
drug-target pair is selected only if its predicted affinity fi; exceeds a quantile or weighted quantile of
the realized affinities {ys }s<¢; building upon true labels rather than past predictions may better reflect
empirical performance and mitigate model misspecification.

Evaluation metrics. The selection-conditional coverage at each time point ¢ is evaluated by a consistent
p(Yteéa,t,Stzl)
P(S;=1)
the efficiency, we evaluate at each time point the median length of the prediction sets over repeated exper-
iments in which the selection event occurs. Furthermore, we compute at each time point the proportion of

selected samples whose sets have infinite length to evaluate the effectiveness of the prediction sets.

estimator Cov; = , where P is the empirical fraction across repeated experiments. To assess
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Figure 2: Empirical selection-conditional coverage (left), median prediction set size (middle), and the fraction of

prediction sets (right) with infinite length in drug property prediction under a decision-driven selection rule when

applying PEMI (Ours), randomized PEMI (Ours randomize), vanilla conformal prediction (Vanilla), and EXPRESS

(EXPRESS). The purple dashed line is the target coverage level 1 — a = 0.6.

4.1 Covariate-dependent selection
4.1.1 Decision-driven selection rules

We first consider a decision-driven selection rule, which incorporates both past selection history and the
current covariate information. Specifically, we set Sy = 1{f; > 71 + % Zf;i S;}, where 7 = 100, 71 = 5.
The experimental setting is fully online with 7" = 200 and no offline data. This rule is addressed by earlier
work of Sale and Ramdas (2025). To enable a fair comparison, we adopt the confidence level of o = 0.4 used

in Sale and Ramdas (2025). The methods under comparison are our C™¢ and C**#4, EXPRESS from Sale

a,t a,t

and Ramdas (2025), and vanilla split conformal prediction that uses all past time points as calibration data.

Figure 2 presents the empirical selection-conditional coverage, the median prediction set size, and the
fraction of prediction sets with infinite length for the four methods across N = 10000 runs. For selection-
conditional coverage, the green curve (vanilla CP) remains well above the target level throughout. The
orange curve (EXPRESS), although with theoretical guarantees, is overly conservative because of its stringent
requirements on reference set construction (based on data point swapping), and thus also stays far above the
target level. In contrast, our methods (blue and red)—consistently stay above and close to the target level.
Regarding prediction set size, EXPRESS is overly conservative: when ¢ > 150, the median length reaches
infinity (i.e., no reference calibration data can be found), whereas our methods remains reasonably efficient.

The pattern in the last panel is revealing: the fraction of infinite-length sets for EXPRESS increases over
time as its requirements on the reference set become more stringent. In contrast, with a moderate number
of labeled points such as 40, PEMI always leads to non-vacuous prediction sets. This shows the statistical
benefit of building on permutation tests rather than data swapping.

4.1.2 Weighted quantile or average of predictions
From now on, we demonstrate the application of PEMI to selection rules that cannot be addressed by existing
methods. Therefore, the comparison is between our method and vanilla conformal prediction.

We consider selection rules based on the weighted quantile or average of the predictions, with S; = 1{ji; >
Weighted quantile(l — o, {f1;}{21)} and S; = 1{f1; > sz%iilwwu} where we define the pre-specified weights
W; X O.B(t_i), which assigns higher importance to predic‘;{(;ns closer to the current test point. Keeping the
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confidence level at a = 0.4 for consistency, we again use the same absolute residual as the conformity score.

Figure 3 and Figure 4 respectively present the experimental results for these two selection rules across
10,000 runs. For selection-conditional coverage, our methods remain at or above the target level at all time
points, whereas vanilla CP fails to achieve the target at most points. Regarding the interval length, our
methods moderately enlarge the prediction sets compared with vanilla CP so as to ensure valid coverage.
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Figure 3: Empirical selection-conditional coverage (left), median prediction set size (middle), and the fraction of
prediction sets with infinite length (right) in drug property prediction under a selection rule based on weighted
quantile of predictions when applying PEMI (Ours), randomized PEMI (Ours randomize), and vanilla conformal
prediction (Vanilla). The purple dashed line is the target coverage level 1 — a = 0.6.
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Figure 4: Results under selection based on weighted average of earlier predictions; details otherwise as Figure 3.

4.1.3 Selection based on model uncertainty and online optimization

Third, we consider selection rules based on model uncertainty from multiple models. Using the DeepPurpose
library, we pre-train three different models { f(/) }?’:1 with identical neural network architecture and different
featurizations of the drugs and targets (Morgan and Conjoint Triad, PubChem and AAC, and Daylight
and PseudoAAC). For each test point, we compute the variance s; = Var({ f(j)(Xt)}?zl) and select the
point if s; > 7. The threshold 7; is determined through the optimal solution to an online optimization
program: max Zf;} s; 1{s; > 7} subject to 2 Zf;i 1{s; > 7} <. Operationally, this online optimization
adaptively sTets T¢ to maximize the cumulative uncertainty of admitted points while enforcing the throughput
constraint v, thereby allocating limited assay capacity to the most informative candidates at each time.
Finally, we use the first model /i = f(1) in the absolute residual conformity score to construct prediction sets
at all selected time points.
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Figure 5: Results under selection based on model uncertainty with online optimization; details otherwise as Figure 3.

Figure 5 presents the result for this selection rule across N = 10000 runs. While vanilla CP is over-
confident at nearly all time points, our methods maintain coverage that is consistently above or exactly
at the target level. From the right two panels, it can also be seen that our methods slightly enlarge the
prediction set size to ensure validity.

4.2 Conformal selection rules
4.2.1 Fixed threshold

Here, we consider conformal selection with a fixed threshold. To demonstrate the generality of our approach,
we employ the weighted conformal p-value, originally designed to mitigate coverage gap due to distribution
shift in Jin and Candes (2025); Barber et al. (2023). We define a pre-fixed series of weights w; = 0.99!+1¢,
At each test point, a candidate is selected if its p-value is below a pre-specified threshold ¢ = 0.3. Following
the setting in Section 3.2, the thresholds ¢;’s are taken as the 0.7-th quantile of the training pairs’ true
binding affinities with the same target as sample i. The experiment is repeated 10,000 times.

Figure 6 presents the experimental results for this selection rule. For selection-conditional coverage,
vanilla CP remains above the target level at all time points, but is overly conservative. In contrast, our
methods stay very close to the target level at most points. We also observe that our methods’ prediction set
becomes slightly larger than vanilla CP as t increases.
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Figure 6: Results under conformal selection with a fixed threshold; details are otherwise the same as Figure 3.
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4.2.2 e-LOND threshold

Second, we consider conformal selection with online multiple testing procedures. As a demonstration, we
adopt the Ue-LOND algorithm in Xu and Ramdas (2023)—the randomized version of e-LOND—as our
online multiple testing procedure, which provides rigorous FDR control. The e-values used in this procedure
are defined as in Section 3.2.2. To ensure sufficient selection frequency for evaluation, we set aside 50 data
points as an offline calibration set. Consistent with Section 3.2.2, the Ue-LOND procedure computes an
e-value e; and a threshold «; for each time point ¢, which is selected whenever e; > 1/a;. For each sample i,
we take ¢; as the 0.3-th quantile of the binding affinities of training pairs with the same disease target. As
the Ue-LOND procedure has low selection power in this problem, we lower the thresholds ¢;’s and scale up
the experiment to 100,000 independent runs for reliable evaluation.

Figure 7 presents the results for this selection rule. Because the Ue-LOND algorithm has limited power
which makes the selection into the reference set difficult, the results appear conservative. Nevertheless, our
methods maintain valid selection-conditional coverage, whereas vanilla CP falls well below the target level.
For both the prediction set size and the fraction of infinite-length sets, we observe an initial increase followed
by a gradual decrease over time. This pattern is due to the nature of the selection procedure: early in the
sequence, {a;} decreases rapidly and makes selection into the reference set difficult, thereby driving up both
the set size and the proportion of infinite-length sets. As time progresses, the reference set of permutations
grows and the decay of ay becomes slower, leading to a slow decline in both metrics.
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Figure 7: Results under conformal selection with a e-LOND threshold; details are otherwise the same as Figure 3.

4.3 Selection based on earlier outcomes

Finally, we evaluate selection rules constructed directly from the ground-truth labels observed at earlier
time points. We use the quantile and the weighted quantile of the past outcomes as the threshold, and
select the current point whenever its predicted value p; exceeds this threshold. The weights are defined as
w; o 0.5¢~Y | giving higher importance to more recent outcomes.

Figure 8 and Figure 9 present the results for these two selection rules across 10,000 runs, respectively.
The left panel shows that our methods maintain valid coverage, whereas vanilla CP fails at most points.
The middle and right panels show the reasonable efficiency of our methods with quickly decaying frequency
of infinite-length prediction sets.
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Figure 8: Results under a selection rule based on quantile of earlier outcomes; details are otherwise as Figure 3.
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Figure 9: Results under a selection rule based on weighted quantile of earlier outcomes; details otherwise as Figure 3.

5 Simulation studies

In this part, we further leverage synthetic datasets to study the impact of various factors, such as the quality
of the predictive model, the noise level of the data, the decay rate of weights in certain selection rules, and
the quality of the score function, on the performance of our methods.

5.1 Model quality and noise level

We first evaluate our method with controlled prediction models and noise levels so the discrepancy between
[(X) and the true label Y varies. We generate i.i.d. covariates X; ~ Unif[—1, 1] and responses Y; = u(X;)+e¢;,
where p(z) = 3 sin(4nz)+4[max{0, z—0.3}]2—4[max{0, —(z+0.4)}]?, where ¢; | X; ~ MO, [O’-(O.5+|X¢D}2),
and o € {0.1, 1.0, 10.0} controls the noise level. For model quality, we use linear model and random forest
to fit the regression model fi(-). With a nonlinear true model pu(z), linear model suffers from pronounced
model misspecification while random forest can capture the nonlinearity and provide a good fit.

For conciseness, we focus exclusively on the weighted quantile rule with weights w; oc 0.5*~% similar to
Section 4.1.2. Figure 10 presents the results under two models of different quality and three noise levels.

Model quality. Comparing across models, for selection-conditional coverage, our method performs well
with both models while vanilla CP becomes less stable when model misspecification is severe, showing
PEMTI’s robustness to model quality. Regarding prediction set size, when the noise level is low, random



forest naturally yields shorter prediction sets. However, when the noise level is high, the difference between
them becomes negligible as most of the size contributes to covering the noise instead of signal.

Noise level. Figure 10 shows the results under three different noise levels. The coverage of vanilla CP
is sensitive to noise: it is overly conservative when the noise level is low and fails to reach the target when
the noise level is high. In contrast, our method remains robust and achieves the desired coverage across all
noise levels. Regarding prediction set size, higher noise levels lead to larger prediction sets. In addition, our
method enlarges the prediction sets to maintain validity when the noise is high.
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Figure 10: Empirical selection-conditional coverage (left) and median prediction set size (right) with different model
qualities and noise levels, under a selection rule based on weighted quantile of predictions when applying PEMI (OQurs
Upper), randomized PEMI (Ours Randomize), and vanilla conformal prediction (Vanilla). The purple dashed line is
the target coverage level 1 — o = 0.6. The fraction of infinite-length sets is low and not displayed.

5.2 Weight decay rate

We then evaluate the performance of our method under the weighted quantile selection rule in the last
part with different decay rates, which affect the selection power. Following the data-generation process in
Setting 3 of Jin and Candes (2023), we generate i.i.d. covariates X; ~ Unif[—1,1]?° and responses Y; =
w(X:) + €, p(z) = 5(x1m2 + e+ 71), where ¢; ~ MO, [0 (5.5 — \,u(:cl)|)/2]2), and o controls the noise
level. Here we use a linear model and fix 0 = 1.0. We use the same selection rule as before, with weights
w; o< B17% where 8 € {0.1,0.5,0.9}, corresponding to fast, medium, and slow decay rates, respectively.

Figure 11 shows the results under the three weight decay rates. In this setting, the weight decay rate
determines the power of the selection rule: the faster the decay, the higher the frequency of selection.
This further affects our selection reference set: an overly stringent selection rule can make it difficult for
permutations to enter the reference set, resulting in overly conservative prediction sets. Indeed, we observe
that a faster decay leads to selection-conditional coverage that more quickly approaches the target level,
accompanied by a reduction in prediction set length and a faster decay of the infinite-length fraction to zero.

5.3 Conformity score function

Finally, we evaluate our methods under different conformity score functions. We follow the data-generating
processes of 5.1 and 5.2, which are highly nonlinear and heteroskedastic data settings, respectively, with two
noise levels o € {1,5}. We use the same weighted quantile selection rule as before, with weights w; o 0.5(¢=9),
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Figure 11: Empirical selection-conditional coverage (top), median prediction set size (middle), and the fraction of
prediction sets with infinite length (bottom) in different weight decay rate settings (columns) under a selection rule
based on weighted quantile of predictions. Details are otherwise the same as Figure 10.

We vary the score function over the absolute residual score |y — ji(x)| with fi(-) being a linear model and
random forests, and Conformalized Quantile Regression (CQR) score (Romano et al., 2019).
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Figure 12: Results under the settings in Section 5.1 with three different score functions (columns) and two noise
levels (rows). Details are otherwise the same as Figure 10.

Figure 12 and Figure 13 present the results for the three score functions in the settings of Section 5.1
(nonlinear) and Section 5.2 (heteroskedasticity), respectively. CQR exhibits more stable performance than
residual-based methods under vanilla CP. However, in most cases, the results of vanilla CP with CQR still
fall below the target level, indicating that methods such as CQR, even though often providing approximate
X-conditional coverage, are insufficient to guarantee the desired level of selection-conditional coverage. In
contrast, our method consistently achieves coverage above or close to the target level across all score functions.
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Figure 13: Results under the settings in Section 5.2 with three different score functions (columns) and two noise
levels (rows). Details are otherwise the same as Figure 10.

In addition, CQR typically yields slightly smaller sets in the low-noise setting. In the high-noise setting,
however, CQR tends to produce slightly wider prediction sets.

6 Discussion

In this paper, we propose PEMI, a general framework for selective conformal prediction with any selection
rules that is asymmetric to the labeled calibration data. The key idea is conducting post-selection inference
based on a permutation test: we select a subset of permutations that lead to the same selection event, and
use this subset to calibrate the prediction set, thereby eliminating the only symmetry condition needed in
earlier methods to achieve selection-conditional coverage. We overcome the difficulty of enumerating all the
permutations by a Monte-Carlo sample while still preserving finite-sample validity, and derive computation-
ally efficient implementations of our prediction sets under a series of commonly used online selection rules.
The efficacy of PEMI is demonstrated on a real drug discovery dataset and extensive simulation studies.

Several research questions remain open. First, many conformal prediction methods for online data come
with the feature of addressing distributional drift (Gibbs and Candes, 2021; Barber et al., 2023; Bao et al.,
2024a), and similar ideas have recently been used for selective coverage guarantees (Humbert et al., 2025),
motivating the question of how PEMI may adapt to distribution shifts. Second, the selection-conditional
coverage may be achieved with a more general permutation test. Besides the entire set of permutations
or a uniformly drawn subset, other choices, such as a set of random swaps, also lead to valid permutation
tests (Ramdas et al., 2023; Barber et al., 2023). In particular, the JOMI method (Jin and Ren, 2024) can
be viewed as setting II; as the set of permutations that swaps the data point ¢ with all others; although its
symmetry condition fails, Barber et al. (2023) shows a randomly-drawn swap indeed leads to valid conformal
prediction set even with asymmetric conformity scores, mirroring the settings here. It is thus interesting to
study whether similar ideas may lead to valid selection-conditional coverage. Finally, for selection procedures
with rare selection event, such as those in Section 4.2.2, it is challenging to obtain a sufficiently large reference
set and non-infinite-length set. This might reflect the fundamental difficulty of selection-conditional coverage
with limited labeled data and rare selection event, which warrants a theoretical investigation.
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A Appendix

A.1 Technical proofs
A.1.1 Proof of Theorem 1

Recall that Dy = (21, Z2, ..., Z;) is the ordered dataset up to time ¢ with the unknown true label Y;. Let

D) = [Z4, ..., Zi—1, Z;] denote the unordered set of D,. We denote any realized value of the unordered set as
[di] = [#1, .., 2t—1, 2¢]. Here, given [D;] = [d;], the only randomness lies in which element of D; corresponds
to which value in [d;]. We denote II, as the entire set of permutations over {1,...,¢}. For notational

simplicity, we also write S¢(m;[di]) = Si(2x(1), Zr(2)s -+ > Tr(r)) and Vi(m;[di]) = Vi(2r(1) 2r(2)) - -+ 2n(t))-
Given any realized value [d;], we let 7 denote the random permutation corresponding to the observed data,
so that (Z1,...,2;) = (27(1),- -, Z#))- The selection decision of the observed data thus obeys

Sy = St(Zh ceey thhXt) = St(ﬁ—; [dtD-

We prove the three statements in Theorem 1 separately.

Proof of (a). To prove (9), it suffices to show that for any realized value [d;],
P(p"'(V)) < a| [Di] = [di]. S, = 1) < . (27)
First, we define the reference set of permutations satisfying the selection rule as
={mr €Il : Si(m;[ds]) = 1}.

Here, by definition, R, is fully determined by [d], not the ordering of the data. Then we claim that
conditional on [Dy] = [d,],

(V¥ (r):m € Ry(Yy)} = {Vi(m;[di]) : ™ € Ry}, (28)

where repetition of elements is allowed on both sides and the sets are both unordered. In other words, (28)
means that no matter which permutation # corresponds to, the left-handed side always only depends on [d;].
Conditional on [D;] = [d;], we have

VY (1) = Ve(Za(1)s Zan(2ys - - > Zn(t)) = Ve(Zror(1)s Znor(2)s - - - » Zmo(t)) = Ve(m 0 73 [d4]), (29)
SYH () = St(Zn(1)s Zn(2)s - -+ » X(t)) = St(Zror(1)s Zmor(2)s - - - » Tror(t)) = Se(m 0 73 [dy]). (30)

Then we can prove the claim above:

Vi (m) weRt(Yt)} Y {Vilr o 7 [dd) : m € Re(Y3))
{V{g mof;[dy]) eIy, S (r) =1}

D V(o ) s 0 €10, Sy(os[di)) = 1}

(
D Wimowsldi]) : m € Ty, Sy(mo 73 [di]) = 1)
(
9 Wil

[di]) = 7 € Ry}
Above, step (a) is due to (29), step (b) follows from the definition of R,(Y};), step (c) is due to (30), step (d)

follows from the group structure of II;, and step (e) follows from the definition of R;. We thus complete the
proof of Equation (28).
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For convenience, we denote the p-value of an arbitrary permutation = on [d;] as:

> wrer, HVilm; [di]) < Viln's [de])}
| Ry .

pi(m; [de]) =

Recall that mg denotes the identity permutation, thus mp o # = #. Following Equation (28), we can also
conclude that |R;(Y;)| = |R:|. Therefore, given [D;] = [d;], we have

> rehvy WV (m0) VI ()} S0 L, W{Vil#: [di]) < Vi [di])}
|R:(Y2)] a | R

P (Ye) = = p" (7 [de]). (31)

Returning to the proof of (27), we have

P(p'(Ye) < | [Dy] = [di), S = 1)
=P(pi"'(Y2) < a| [D4] = [di], Si(F; [di]
(@) P (Pguu(n) < a, Sy(7;[di]) = 1| [Dy

P (S¢ (7 [ D =1]| [Dt] [dt]
® P (@ (7 [di]) < o, Su(#s [di]) = 1] [Dy] = [dd])
P (Se(#;[de]) = 1|[De] = [dt])
(c) IHtl Zwent 1 {pfun sldi]) < Oé} St(m;
- 1 Sorem, Se(mi [di])

Y ven, LVi(m [di]) < Via': [di]))
- |Rt| 21 { : Ry S“}

)=1)
| = [dt])
)
[

[d:])

—

TER:
(e)
< a.

Above, step (a) follows from Bayes’ rule, step (b) is due to (31), step (c) follows from the fact that 7 is
drawn uniformly from the full permutation set II;, step (d) plug in the explicit definition of the p-value and
reference set R, and step (e) follows from its definition.

Then by tower property, we conclude (27), and thus (9).

Proof of (b). Our proof of (b) relies on the following lemma.

Lemma 1. Suppose that at time t we have the full permutation set over indices [t], denoted by II;. Let
a7 1) be random permutations drawn independently and uniformly from I1,. Then the random
variables (7, 7™ o7, ..., 7M) o 7) are exchangeable.

Proof of Lemma 1. To show the exchangeability of (7, 7" o7, ..., #(™) o #), it suffices to prove that
their joint distribution is invariant under any reordering of the indices. Formally, let [#M] = [#, 7(}) o
7, ..., ®™) o 7] denote the unordered set of these random variables and [¢M] = [¢(®), (M) ... o(M)]
denote any realized value of this unordered set. Then, it suffices to show that under any permutation 7 of

{0,1,..., M}, we have

P (fr =0 Moz =0cW Moz = U(M)) =P (fr =" 1Moz ="M 70 oz=s7(M)
(32)
Since 7,7 ..., 7M) are independently and uniformly sampled from II;, we can directly compute the
value of left-handed side:
P (fr =50, Mo = 0(1), ceey Moz = U(M)>
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—p (W = 0@, 70 = 5V 6 (@)1 7D — (D) (J(o>)71)

M
D =o0®)- [ B (=™ =otm o (o))
m=1

@) (1)””1
|TL¢| '

Step (a) follows from the independence of (7,71, ... 7)), Step (b) holds because each of 7, 71, ... =
is a random variable following a uniform distribution on II;, and therefore the probability of any one of
them taking a specific value in II; is 1/|I;|. Moreover, by the group structure of II;, the permutations
{0 cW o (et ¢ o (g(®)=1} are all fixed elements of II;. Thus we can directly compute the

probability as step (b).

(M)

Similarly, for any permutation 7, we have
P (ﬁ' =00 7Mooz =@ Moz = O'T(M))

— (W =o™O® 7D = 5T o (TO=L D) — GT(M) (Jr<o>)71>

M
=P(# = H P <7T<m> — om(m) (orw))—l)

m=1

_ (1)M“
114 | '

Therefore, we can conclude (32). Then the joint distribution of (7, 7 o, ..., #(M) o #) is invariant
under permutations, and hence these random permutations are exchangeable. We thus complete the proof
of Lemma 1. O

Detailed proof of (b). Recall that 1M = (7 ... 7)) Let [#M] = [#, 7 o7, ..., 7(M) o #] denote
the unordered set of the random permutations and [c™] = [¢(9), 0™ ... ¢(M)] denote any realization of
this unordered set.

To prove (11), it suffices to show that

P(p™ (V) < a| [Dy] = [di], [7M] = [0V], 5, =1) < a. (33)

First, we define the reference set of permutations satisfying the selection rule in the unordered set [o]

={o € [o"]: Si(o;[ds]) = 1} .

Here, RM is fully determined by [d;] and [0™]. Then, conditional on [D;] = [d;] and [#"] = [0}], we have:

(Vi (m) s m € RY (Vi) U {mo}} = {Vi(m o 5 [de]) : 7 € Re(Yy) U {mo}}
= {Vi(mom;[dy]) : m € IM U {mp}, SYt(m) =1}
= {(Vi(mom;[dy]) : m € MM U {mp}, Se(mo#;[ds]) =1}
= {(Vi(o;[dl]) : 0 € [0"], Si(o3[d]) = 1}
= (Vi(m; [dl]) : m € R}

For convenience, we define the p-value on [d;] as

Ywery WHVilm; [di]) < V(' [dt])}.

pinc(m [dt]) = |R{”|
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Similar to Proof of (a), conditional on [Dy] = [d;] and [#*] = [0™], we have:

P (Y;) = 1+ Zﬂeﬁzgw(yt) ]I{Vtyt (m0) < Vth (m)} _ Zweéy(yt)u{m} ]l{Vth (mo) < Vtyt (m)}
Lo 1+ [RM (V)] |RM (Y;) U {mo}|

Y omerm Vi [di]) < Vi(m; [de])}

= S = (i) (34)

Returning to the proof of (33), we have

P(pi(Ye) < o | [D] = [di], [#"] = [0], Sy = 1)
=P(p (V) < a | [Df] = [de], [7"] = [o"], Si(#s [dy]) = 1)

@ P (P (V1) < a, Sy(d;[di]) = 1| [Dy] = [de], [#] = [oM])
P (Se(#;[di]) = 1| [Dy] = [de], [#M] = [0M])
o) P (pp(7; [di]) < @, Si(#;[de]) = 1| [De] = [de], [#] = [o])
P(S(7;[de]) = 1| [De] = [d HWM]—[GM])
(© T557 Lomeo L{DP(0™; [di]) < @} Si(0™; [dy])
T om0 St(0 ™ [dy])

<«

w 1 S ey L{Vi(e™: (dh) < Vi(o™: )}
2 1{ =y <

o(m) €R§”

Above, step (a) follows from Bayes’ rule, step (b) is due to (34), step (c¢) follows from the fact that
(77, 7MW o, ..., 7M) o 7) are exchangeable, step (d) plug in the explicit definition of the p-value and
reference set RM and step (e) follows from its definition.

Then by tower property, we conclude (33), and thus (10).
Proof of (c¢). The arguments here are similar to those in proof of (b). Our goal is to prove that

P(prand(yz) <a ‘ [Dt] — [dt]> [f(M] — [UM]>St = 1) < a. (35)

Here, we follow the same form of R}M as proof (b). Thus, conditional on [Dy] = [d¢] and [#M] = [0
have:

{Vi"(m) s m e RY (V) U {mo}} = {Vi(m; [di]) - m € RYMY.
Then we define the randomized p-value on [d;] as

Domrerm WVi(ms [di]) <Vi(n's [di])} + Ui - 3 e g 1{Vi(m; [di]) = Vi(n'; [di]) }

rand -Id _
iz (7T7[ t]) |Ri{\/[|

Similar to proof of (b), we have
P (V) = pp (73 [dd]).
Returning to the proof of (35), we have

P(pi*™(Y:) < o | [De] = [de], [7™] = [0M], Sy = 1)
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P(pi*™(Yy) < o | [De] = [de], [#"] = [o™], Si(7; [de]) = 1)
@ P(p rand(Yt) <o, Si(#;]dy]) = 1| [Dy] = [di], [7"] = [oM])
P (8:(#;[di]) = 1| [De] = [di], [FM] = [0™])
® P (i (7 [di]) < a, Se(#;[di]) = 1| [Dy] = [dd], [#] = [oM])
P (S:(#; [di]) = 1] [De] = [de], [#¥] = [o])

S ey H{Vi(@™5[de]) < Vi (@™ 5[de])) } U (n) ¢ par T{Ve(o ™ 51de])=Vi (o ™;3[de]) }
© ZO'("L)ER{W P { ERY ‘Ri\/[‘ ERY S o ‘ [dt], [O'M]
- |RM|
(d)
= .

Above, step (a), (b), (c) follow the same arguments as proof of (b), and step (d) follows from a standard
result for randomized p-value (Vovk et al., 2005, Proposition 2.4).

Then similarly, by tower property, we conclude (35), and thus (11).

A.1.2 Proof of Theorem 2

We define the unordered “bag” of the complete data [Di] = [Z_,41,..., Z¢] and its realized values [dy] =

[2—n+41y---,2t). Recall that & denote the random permutation corresponding to the observed data, so that
(Z1,-- 0 Zs) = (Za(1)s-- > 2a(p)- Let [#M] = [&, ) o fr .., 7)o 7] denote the unordered set of
random permutations over indices {—n +1,...,t} and [¢(®, ¢ ... ¢(M)] denote its realization. We also

write Si(m; [di]) = St(2r(—n+1) 2r(2)> - - - 7357,@)) and Vi(7; [d; ]) V(zﬂ(,nﬂ)?zﬁ(g), ...» Zry). The selection
decision of the observed data thus obeys

Sy = St(anJrlv ceey thl»Xt) = St('ﬁ'; [dt])~
To prove (13), it suffices to show that

P(pi(Yy) < o | [De) = [di], [#] = [0Y], 5: = 1) < a. (36)

First, we define the reference set of permutations satisfying the selection rule in the unordered set [r™]
as

BT = {o € [o™]: Si(o;[dy]) = 1}.
Here, R is fully determined by [d;] and [0™]. Similar to the arguments in proof of (b) of Theorem 1, we
have that conditional on [Dy] = [d;] and [#}] = [¢M],

(V.o (m) s e RYT(Y,) U {mo}} = {Vi(m; [dy]) - m € RY™}

With this claim, we have

Dwengr H{Va(m; [de]) < V(s [de]) }

P (Ya) = pp (75 [di]),  where  ppf(m; [dy]) = | R
t

Returning to the proof of (36), we have

P(p¢"(V2) < o | [Di] = [de], [7M] = [0M], S = 1)
=P(py" (Vi) < o | [D] = [di], [#M] = [0™], Sy (7 [di]) = 1)
P (pp(Y:) < o, Si(dt; [di]) = 1| [Dy] = [di], [7"] = [o™])
P (Se(#; [de]) = 1| [Dy] = [de], [7M] = [0M])
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P (p¢" (7 [di]) < o, Si(7;[de]) = 1| [De] = [di], [7M] = [0])
P(Se(7;[de]) = 1| [Dy] = [H ]Z[UMD
= 1+M Zm ol {pOH (0™ [d)) < a} Sy
T Lomeo St(0(™); [dt])
! S omerer L{Ve(a™;[di]) < Vi(o™; [di]) }
= W Z 1 { R < a}

o(m) ER?H

< .

Above, each step follows the same idea as proof (b) in Theorem 1.

Then by tower property, we conclude (36), and thus (13).

A.1.3 Proof of Theorem 3

First, we recall the construction of the prediction set for FCR control. The taxonomy is defined as & =
{(s1,...,8¢)}, where s; = S(X1), s2 = S(Z1,X2), ..., 8¢ = S(Z1,...,Zi_1,X¢). Recall that IIM =
(7r(1), oo, mM )) are the random permutations uniformly drawn from the full permutation set over the indices
{1,...,t}. The reference set is thus given by

RY(y) ={rel™:8Y(x) =51, ..., S¥(x) =s;}.
Substituting this reference set into our framework, the resulting prediction set is

1+ EﬂéRi"(y) ﬂ{‘/;y(ﬂ-o) S V;Ey(ﬂ-)}
L+ [Ri™ (y)]

CZ”t ={yeY:p"(y) >a}, where pj"(y) = (37)

Besides, we follow the notations of Appendix A.1.1. We define the unordered set of the data [D;] =
[Z1, ..., 2] and its realized values [d;] = [z1, . .., z]. Given any realized value [d;], we let 7t denote the random
permutation corresponding to the observed data, so that (Zi,...,2:) = (2z(1),---,2#@))- The selection
decision of the observed data thus obeys S; = S (7;[dy]). Let [#M] = [#, 7™ o7, ..., #™) o 7] denote
the unordered set of the random permutations over the indices {1,...,t} and [0(®, o) ... ¢()] denote its
realization. we also write S¢(7; [d¢]) = Si(2x(1), Zr(2)s - - +» Tr()) @a0d V(75 [di]) = Vi(2r(1)5 Zr2)s - - 5 Znt))-

Lemma 2. The prediction set defined in (37) obeys strong selection-conditional coverage: for anyt > 1 and
any (s1,...,8.-1) € {0,1}*71, we have

P(Y; € C | St =51,..., 81 =85i-1,8 =1) > 1—a. (38)
Proof. Following the proof before, to prove (38), it suffices to show that
P(pi" (V1) < a| [Dy] = [di], [7M] = [0M], 81 = s1,...,S1m1 = 51,8 = 1) < o (39)
First, we define the reference set of permutations satisfying the selection rule in the unordered set [o*] as
RS = {0’ € [oM]: S1(o;[dy]) = 51, ..., Si1(0;[dy]) = s¢-1, Si (03 [dy]) = 1} )

Here, R;% is fully determined by [d;] and [0™]. Then, conditional on [D;] = [d;] and [#M] = [oM], we
have:

(Vi (n) s m € B (Vi) U {mo}}
= (Vim0 [di]) - m € R (Yy) U {mo}}
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={Vi(mod;[dy]): 7€ Hé\/[ U {WO},S}/‘(W) =51, ..., Sthl(W) = st,l,StY*(W) =1}

= {Vi(mo#;[dy]) : m € I} U{mo}, Si(mo s [dy]) = s1,..., Se—1(mo & [dy]) = s—1, Se(mw o 73 [dy]) = 1}
(o;[d]) : o € [0 M] Si(o3[di]) = s1,...,Se—1(03[di]) = s¢—1, Se(o3[de]) = 1}

(3 [di]) -

With this claim, following the same arguments in Proof of (b) in Theorem 1, we have that conditional on
[D¢] = [dy] and [#"] = [oV],

Y mrerer W{Vi(ms; [di]) < Vi('s [dt})}_

P (%) = B (s [dh]). where i (m:[dh]) = o

Returning to the proof of (39), we have

P(pi" (Y;) < a | [Dy] = [dd], [#M] = [6M],81 = 51,...,8 1 = 811,58 = 1)
=P(pi" (Vi) < a| [Di] = [d], [#™] = [o™], Si(7; [d]) = o Sem (75 [de]) = se1, Se(73 [de]) = 1)
_ P (YY) <o Si(Fsldi]) =51, .., Sy [de]) = 1 [ ] [ i, 7] = [])
P (S1(f;[de]) = 51, Se(#; [de]) = 1| [Dy] = [de], [FM] = [0M])
_ P (@ ld) < a, Si(#5[d]) = s, ., Si(@ [de]) = 1] [Dy] = [di], [7] = [0™])
P(S1(#7;[de]) = s1, ..., Se(®s[de]) = 1| [De] = [di], [FM] = [0M])

T Zme On{pstr () [dy)) <a}]1{51(a(m);[dt]):31,...,St(a(m);[dt]):1}

T Yo L{S1(0 ™ [di]) = s1,..., Si(a ™) [di]) = 1}
Y omers L{Vi(0™;[di]) < Vi(o™;[di])} - a}

1
= —-—— 1 t
s { R

tl pm)eget

< .

Then by tower property, we conclude (39), and thus (38). O

Proof of Theorem 3. Similar to the proof of Sale and Ramdas (2025, Proposition 5.2), FCR control follows
directly from the strong selection-conditional coverage established above. Suppose at time T', we have an
arbitrary sequence (s1,...,sr). Then,

S]l Y, Cstr
Ztl tT{t¢ 51:81,...,ST=ST
Z]:l SJ
1 T
= TiE Zstﬂ{)/t ¢ C(S)zrt} S1=81,...,57 = ST‘|
Zj:l S

=——E| Y 1{i¢Ch

Zj:l Sj |t<Tis,=1

> p(vi¢cy

ZJ 155 t<T:s,=1

(i) Z P(n ¢ Cstr

Zg 157 t<T:is,=1

51_81,...,ST_ST:|

Slzsh...,ST:sT)

S1=51,...,5 -1 =5-1,5= 1)
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(b) 1
<

Zj:1 Sj t<T:s,=1

= Q.

Above, step (a) follows from our assumption that the selection decisions after time t are independent
of whether Y; is covered by C,; given (Si,...,S:—1) and step (b) follows from the definition of strong
selection-conditional coverage.

Then by tower property, we conclude the FCR control (15).

A.1.4 Proof of Theorem 4

Let Dj = Deatib U {Zn4;} and D§ = {Xnti}iepm)\(y3- Similar to Appendix A.1.1, we denote the unordered
set [D;] = [Z1, ..., Zn, Zn+;) and its realized values [d;] = [#1,..., Zn, Zn+j]. Here z; = (x;,v;). Given any
realized value [d;], we let 7 denote the random permutation corresponding to the observed data, so that
(Ziy.o oy Zny Zngj) = (22(1)5 - - - » Z2(n) > Z7(nt4))- The selection subset of the observed data thus obeys

S = S(DcalibaDtcst) = Sﬁ([dj])

Recall that H% ;= (7r(1)7 o, M )) are the random permutations uniformly drawn from the full permutation
set over the indices {1,...,t}. Let [#M] = [#, 7(M o7, ..., 7™ o 7] denote the unordered set of the
random permutations, and its realized permutations are [cM] = [¢(®) o) ... ¢M)]. Then we denote
Al = (Zx(1)s -5 Zn(ny) and diogy = (Xng1, -+ s Tr(ngs)y - - - » Xngm). We also write the selection subset of
permuted data as S™ = S(d%,;p,, dfg) and V(w3 [ds]) = V(2r(1)s - - - » Za(n)s Zn(ni))-

To prove (17), it suffices to show that

P(pu+j(Yoss) < @] j € 5,[D5] = [4], D, [7] = [o"]) < . (40)

We define the reference set of permutations satisfying the selection rule in the unordered set [0] as

Rfyﬂ {oeoM:jes}.
Here, R}/ ; is fully determined by [d;], D§ and [0*']. Then, conditional on [D;] = [d;], D§ and [#"] = [o"],
we have:
V257 () o m € R (Vo) U dmo}} = (Vo (0 3 [d5]) 2 7 € R (Yars) U {mo}}
= Vassmo i () - m € L, Ufmo}, j € 87 (Vary))
= {Vayj(mo;[d;]) : m € Hn-i-] U{m}, j € 5™}
= {Vasj(os1ds]) 1 o € [0™], j € 87}
= {Vars(m[dj]) : m € Ry )

With this claim, following the same arguments in Proof of (b) in Theorem 1, we have that conditional
on [Dy] = [d4], D5 and [#M] = [oM]

Srenst, WVars(mi[ds]) < Vi (5 [d5])}

Prtj(Ynti) = Pnyj(T;[ds]),  where  pyj(m;[ds]) = RV |
n+j

Returning to the proof of (40), we have that

P(pntj(Ynts) < a|j € S,[D;] = [d;], DS, [#M] = [e™])
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= P(py;(Yary) < o | j € $7,[D)] = [d;], D5, [7] = [o™))

~ P(puss(Yars) < 0,5 € ST | [Dy] = [d,], D5, [#1] = [o])
P(j € S7 | [Dy] = [d,], D5, [7] = [oM])

_ P(pus(31dy) < g € S | [Dy] = [dy], D5, [+] = [o))
P(j € 7 | [D;] = [4,), D5, [#] = [o])

7 Lo L {Pats (05 [4)]) < o} - 1{j € 57}
T Lo L{j € 57}
Yowery, L{Varj(@;[d;]) < Voy; (0™ [d])} }

1
:‘RM | Z ]l{ |RM

n+j‘ N

Then by tower property, we conclude (40), and thus (17).

A.1.5 Proof of Proposition 1

First, recall the prediction set in the general framework: CA,M ={y € ¥V : p(y) > a}. In the covariate-
dependent setting, the definition of the p-value can be further simplified by noting that the selection rule
does not depend on the candidate value y. Let B, = {m € IM : Sy(w) =1}, B, = {m e UM : Si(r) =
1, m(t) # t}, and write Vi(m) = v(X ), Yr()) and SY(7) = Sy(m). Then the p-value can be expanded in a
more explicit form as follows:
145 ey HVilmo) < Vilm)}Si(m)

1 + Z‘ITEH%” St(ﬂ')
L+ cemy H{o(Xe, y) < 0(Xn), Yagry) ) Se(m)

1 + Zﬂ'EHi” St(ﬂ')

1+ 3 ey W{m(t) = 350(m) > remst iy pe H{O (X1, y) < 0(Xaqy, Yag)}Si(m)

pi(y) =

1+ Z‘n’EHé‘/f St(Tr) 1+ ZWEH?J St(ﬂ')
_ 1+ |Rt‘ — | By Z‘ITGBt I{v(Xy,y) < U(Xﬂ(t)ay‘/r(t))}
1+ Ry 1+ | Ry

The prediction set (fa,t consists of all y such that p;(y) > a. Expanding the inequality, we obtain

1+ |]:2t| - |Bt| T ZneBt ﬂ{v(Xtay) < U(X‘n'(t)aYTr(t))}

n(y) 2 a < - - >«
) L+ Rl L+ Ryl
& Y Wu(Xe,y) S 0(Xn), Yaw)} = (@ = 1) - (1+ |[Ry]) + |By|
TEB:
& Y 1{u(Xe,y) S 0(Xnw), Yaw)} = [(a—1) - (1+|Re]) + [Bi]].
wEB:

Let K := [(a—1)(1+|Ry|) +|B|]. Then the above condition requires that v(X;,y) is no larger than the
(|B¢| = K +1)-th smallest value among {v(Xy«), Yr)) : # € By}. This ordering can be further expressed in
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terms of a quantile. Formally, the quantile level corresponding to the order statistics is defined as

|Bi| — K +1
h= | By
1B - (o= D)(1+ [R) + 1B + 1
| By
14 (1= )+ |Re)] .
| Bt|

Therefore, the prediction set can be written as
Cas = {y € ¥: v(Xiy) < Quantile (B; {v(Xr(r), Ya(r)}ren, U {+00})} -

This completes the proof.
Proof of (b) Recall that in this setting, the randomized p-value is defined as

U, . (1 + ey L{Vi(mo) = Vt(ﬂ)}st(w)> + 2 reny H{Vi(mo) < Vi(m)}Se()
pi(y) = 1+ Zﬂeny Sy(m)

Ut - (1 + 2reny Ho(Xe,y) = 0(Xrq), Yﬂ(t))}st(ﬂ—)> + 2 reny Ho(Xe, y) <o(Xr), Yae)) }Si(m)
1+ 3 ey Si(m) '

Here, U; ~ Unif[0, 1]. Since that it is possible for v(X¢,y) = v(Xx(), Ya(r)) to occur even when 7(t) # t, for
notational convenience, we further define

Er(v(Xe.y) = {7 € fo s v(X0,9) = 0(Xn0), Yaw) } -

where R, = {r € IIM : S,(x) = 1}, and similarly B, = {r € IIM : Sy(x) = 1, n(t) # t} as before. The

p-value can thus be rewritten as

U - (1 + |Er(v(Xe,9))]) n >men, Hv(Xe,y) <o(Xry, Yan)}
1+ | Ry 1+ | Ry

pe(y) =

The prediction set CAmt consists of all y such that p;(y) > «. Expanding this inequality yields

Up- (14 |Er(v(Xt, y))]) + Z T{v(X,y) < U(Xﬂ(t)7yﬂ(t))} >a(l+ ‘RtD
TEB

Let v(1)y < vg) < -+ < y(p,|) denote the sorted values of {v(Xy ), Yr))}ren,. Following the proof of
(a), we can find that the quantile threshold used in the prediction set of deterministic p-value corresponds
to an upper quantile among these ordered values in this setting. Here, we still define K := [(o — 1)(1 +
|Rt\) + |B¢|] and the upper quantile can be denoted by v(p,|—x41). For convenience, we denote r* =
min {4 : v(;) = v(|B,|-Kk+1) } » Which is the minimum index among all scores equal to the upper quantile. We
also set

6% = #{7‘(‘ S Rt : ’U(Xﬂ.(t), Y‘/r(t)) = U(r*)}, €*B = #{7‘(‘ € By ’U(Xﬂ.(t), Yw(t)) = ’U(T*)}.

Based on the definition of v(,.), we can find from the inequality above that if v(Xy,y) > v(+), then
pe(y) < a for all Uy; if v(X;,y) < vy, then py(y) > a for all Uy; and if v(Xy,y) = vy, whether py(y) > a
depends on the value of U;. In other words, the threshold for constructing the prediction set is given by the
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upper quantile with a certain probability, and by the lower quantile otherwise. Next, we can compute the
exact probability p at which the upper quantile is selected by directly solving the inequality for Uy.

Plugging v(X¢,y) = v(,+) into the threshold yields
a(l+[Re|) = (|Be| =" +1—ep)

> — U, > =
pe(y) = « ¢ > I+ e, P,

where p € [0, 1] is the probability with which the upper quantile threshold is taken. Thus, the randomization
mechanism determines whether the threshold is the lower or upper quantile. Specifically,

Quantile ’];3—_“1; {v(Xn), Yr)) }neB, U {+oo}) , ifU <p
Quantile %; {’U(Xﬂ,(t),yﬂ.(t))}ﬂ—eBt U {+OO}) 5 if Ut > p

or, equivalently,

Quantile lei’%ll; {w(Xr@), Yee)) b e, U {—I—oo}) , with probability p

Quantile “g,—*tl; {v( X)), Yr)) b e, U {+oo}) ,  with probability 1 —p

~

Therefore, the final prediction set is given by
Coi ={yeV:v(Xsy) <q}.

This completes the proof.

A.1.6 Proof of Proposition 2

We consider the cases y < ¢; and y > ¢; separately. The key step is to show that for any y < ¢, the
corresponding reference set R, (y) equals I:Z%, and for any y > ¢, Rt(y) equals Rg In this way, we can invert
each case separately into the form of a prediction interval and then merge the two results to obtain the final
prediction set.

Case 1: y < ¢;. In this case, for any 7w € Hi\/f, it holds that
P (y) = — L H{F’Tgﬂ > Fr), Ya@) < Cr(}
Zi:l w;

Wit Y1 ciciviga1(y Wi W Er() 2 Friys Yo < en} + Wi - L{E 2 Fry), Yo < a1
Zizl Wi

Wt Licicevignr Wi HEr@ 2 Frys Yao) < eniiy} +wei H{E > Fryy < e}
25:1 W

W+ icice-vigat ) Wi H{Er@ 2 Fr)s Ya) < cniiy} +war - H{E 2 Fr )

ZE=1 Wy

Since existing methods such as LOND (Javanmard and Montanari, 2015), SAFFRON (Ramdas et al.,
2019), and ADDIS (Tian and Ramdas, 2019) only utilize previous p-values and thresholds in the historical
information when computing the adaptive threshold, it follows from the above p-value formulation that
o (y) = af , when y < ¢;.
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Therefore, for any y < ¢;, we have

Ri(y) = {m e I} : SY(m) = 1} = {m € I} : pr(y) < v (9)} = {m € Y 2 p}y < oy o} = Ry
Case 2: y > ¢; . In this case, for any 7 € IIM | it holds that

w Wt ZE: wj - ﬂ{Fﬂ(i) > Fw(t), Yeiy) < cxi)}
pt Tr(y) - t
D i1 Wi

We+ D <icevizn—re) Wi W{Fr() > Friys Yoty < iy} + Wemr(y - I{F > Frpy, Ve < e}
22:1 Wy

WA i<t tign-1(e) Wit H{Fri) = Frys Ya() < Cn(iy )+ ey - H{Fy > Frgy oy < e
25:1 Wy

Wi+ D cicr gm0 Wi - H{Fr(i) 2 Frieys Yati) < x(i) }

22:1 Wi

Similarly, we have oy (y) = agﬂ when y > ¢;. Therefore, for any y > ¢;, we have
Ri(y) = {m e MM : SY(m) = 1} = {w € I} : p{'n(y) < crm(y)} = {m € M 2 py < 0} = Y.

As a result, for all y < ¢, the reference set Rt(y) is identical and equals Rtl, and for all y > ¢, the
reference set is also identical and equals IA%? . Following the argument in Proposition 1, we can thus invert
the procedure and obtain two prediction subsets corresponding to y < ¢; and y > ¢; respectively, and merge
them to form the final prediction set (20). This completes the proof.

A.1.7 Proof of Proposition 3

Similar to Appendix A.1.6, we separately consider the cases y < ¢; and y > ¢;. We will show that for any
y < ¢, the reference set satisfies R;(y) = R}, and for any y > ¢4, the reference set satisfies R(y) = RY.

Case 1: y < ¢;. In this case, for any 7 € 1M it holds that

pt,ﬂ'(y)
0 . .
_ L+ i i HFr) 2 Frys Yr(i) < Cr(i) )
n+1

Y cicoign ) HEr@ 2 Fryy Yai) < eri } + H{F 2 Fry, Vi< e} - 1{n (1) < 0}
n+1

_ L4 1<i<0ign—1(t) L{Fr(iy = Frtys Yu(iy < oy} + L{E, > Fry, y < e} - L{n71(t) <0}
n+1

Y picicoigni o) WErG) = Fry Ya) < er } + M{EF > Frn - 1 {7~ (t) < 0}

o n+1

= Din-

Following the same arguments, we can express p; . (y) and p;_.(y) as p%:rr and p%; when y < ¢;. Further-
more, by applying these p-values within the LOND algorithm, we can compute the corresponding adaptive

Al Al,— A1+
thresholds &; ., &', and &y ;.
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Therefore, for any y < ¢;, the e-value and the reference set can be defined by

]l{pt,w(y) <a ALOND +(y)} B ]l{pm <ab +}

E g - Elﬂ"
Y a%OND*xy> & t
N 1 R
Ri(y) = {m eI} : By x(y) > } {ren} B, >1}="R.
Oét x( ’ Qp -
Case 2: y > ¢;. In this case, for any 7 € 1M it holds that
Per(y)
0 A A
_ T+ i M) = Frys Yoy < Cr(i) )
n+1

1+ cicoiznr ) W Er) 2 Frays Ya) < ca@} + H{E 2 Fry, Ve <o} - 1{n!(t) <0}
B n+1
- 1+ anJrlgigO,i;éw*l(t) H{Fw(i) 2 Frty, Yr() < Cn(i)} + ]l{Ft > Fry, ¥y < Ct} -1 {W—l(t) < 0}
- n+1
) aicicoizni(e) U{Fr() > Frays Yy < ey }
- n+1
=Pl

Following the same arguments, we can express p; . (y) and p;_.(y) as p(t)_”;r and pg”; when y > ¢;. Further-

more, by applying these p-values within the LOND algorithm, we can compute the corresponding adaptive

thresholds ozt . Oz?ﬂ , and dg:~

Therefore, for any y > ¢, the e-value and the reference set can be defined by

ll{pt,w(y) < ar o +(y)} 11{p?,w < @?’+} 50

Et,ﬂ' y = ~ _ - ~0.— t,7'r)
a%OND’<y> &
~ 1 1 N
Ri(y) ={r e} : By .(y) > z (y)} ={rem}:E) > > } =Ry
5T t,m

As a result, for all y < ¢, the reference set ]A%t(y) is identical and equals Rtl, and for all y > ¢, the
reference set is also identical and equals R? . Following the argument in Proposition 1, we can thus invert
the procedure and obtain two prediction subsets corresponding to y < ¢; and y > ¢; respectively, and merge
them to form the final prediction set (22). This completes the proof.

A.1.8 Proof of Proposition 4

Recall that our selection rule based on earlier outcomes is defined as S; = 1{(X;) > Weighted quantile(1 —
o, {Y;}'Z1)}. For convenience, we rewrite this selection rule to a p-value form:

s 1Y, > (X N
Pt = ZZ 1w t{ T 1 t)}» Sy = 1{p: < a}.
Dim1 Wi

Suppose that y € I; = (u(j_1), i(j))- Let I = 7~ 1(¢) be the unique integer such that 7(I) = ¢. Then for each
permutation 7 € I/ it holds that

ZZ 1 Wi ]l{Yﬂ(z) > M(Xw(t))}
S wi

pr(y) =
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Zz 1wz]l{Y7r(z > ( w(t))}+wl ]l{y>M(X‘fr(t))}
i2l

T—1
Dim Wi

Since { () }f;% is the sorted sequence of predictions, /i( X)) cannot belong to the open interval (p(;—1y, i1¢;))-
Therefore, we will consider two separate cases: [i(Xr(1)) < fij—1) and (X)) > fig)-

Case 1: (X)) < fij—1). Since we have y € (u(j—1), ii(j)), ¥ is always greater than (X)) in this
case. Then for any permutatlon 7 € IIM it holds that

Szt wi Yoy = (X)) +wi - Ty > (Xn)} Si2t wi WYy = (X))} + wy
£l £l
pr(y) = —1 = —1 =Pr

Dici Wi iy Wi

Case 2: (X)) > fi(j). Since we have y € (1), i¢j)), ¥ is always smaller than /i(X () in this case.
Then for any permutation = € IIM | it holds that

STt w WYy > (X))} + w1y > a(Xne)} Soi2t wi 1Yy = (X))}
i1 i#l
pﬂ,(y) = =1 = =1 = pﬂ_

Dim1 Wi i1 Wi

Therefore, for any y € (p1(j—1), i4(j)), we have
Ri(y) = {r e 1} : SY(m) =1}
={r eI} :p:(y) <a}
={m e " l(Xnw) < fig1)pr < @ U{m €TT: (X)) > figy), 7 < 0}

_ jo)
Similarly, for all the open interval I; = (u(j—1), i(j)),j = 1,...,t, we can construct the reference sets
jo )7 ,7 = 1,...,t respectively. Following the argument in Proposition 1, we can thus invert the procedure

and obtain prediction subsets corresponding to y € I;,j = 1,...,t. Then, for each boundary point yx = fi()
(k=1,...,t—1), we directly impute yx and include it in the predlctlon set if pia"d(y,) > a. Finally, after
considering all the partitions of ), we can merge them all into a final prediction set as (23). This completes
the proof.
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