
a2H2+iBQM #v S`2/B+iBQM rBi? Uq2B;?i2/V *QM7Q`K�H T@p�Hm2b

uBM; CBM

CQBMi rQ`F rBi? 1KK�Mm2H *�M/ĕb
.2T�`iK2Mi Q7 ai�iBbiB+b- ai�M7Q`/ lMBp2`bBiv

AMi2`M�iBQM�H a2KBM�` QM a2H2+iBp2 AM72`2M+2- J�v Rd- kykj
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JG T`2/B+iBQM �bbBbib /2+BbBQM

(o2`oQ2X+QK) (bK�`i/`2�K2`bX+QK)

(>2`Q>mMiX�B)

! CQ# ?B`BM;, r?Q iQ `2�+? Qmi iQ\ r?Q iQ b2H2+i 7Q` BMi2`pB2r\
R f j8



JG T`2/B+iBQM �bbBbib /Bb+Qp2`v

(.wQM2X+QK)

(i2+?MQHQ;vM2irQ`FbX+QK)

! .`m; /Bb+Qp2`v, r?B+? KQH2+mH2bf+QKTQmM/b iQ T`Q+22/ iQ b+`22MBM; �M/ +HBMB+�H i`B�Hb\
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.2+BbBQM �M/ /Bb+Qp2`v T`Q+2bb2b

! 6BM/BM; � 72r BMi2`2biBM; +�b2b 7`QK � ?m;2 TQQH

Decision and discovery processes

‣ Find a few interesting cases from a huge pool

Disease (COVID)

Candidate drugs

…… × 100000

Job applicants

……

Position

4
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.2+BbBQM �M/ /Bb+Qp2`v T`Q+2bb2b

! 6BM/BM; � 72r BMi2`2biBM; +�b2b 7`QK � ?m;2 TQQH

Disease 

Candidate drugs

…… × 100000

Traditional 
approach

Physical 
screening (HTS)

…… × 100000

Evaluated activity scores

Y1 Y2

Y3 Y4

Y6

Expensive  
clinical trials…

Prioritize  
high-score drugs

× 1000

Smaller set

FDA approval
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.2+BbBQM �M/ /Bb+Qp2`v T`Q+2bb2b

! 6BM/BM; � 72r BMi2`2biBM; +�b2b 7`QK � ?m;2 TQQH

Disease 

Candidate drugs

…… × 100000

Traditional 
approach

…… × 100000

Evaluated activity scores

Y1 Y2

Y3 Y4

Y6

Prioritize  
high-score drugs

Expensive  
clinical trials…

× 1000

Smaller set

FDA approval

1. Expensive & slow  
for huge drug libraries

Physical 
screening (HTS)

9 f j8



JG BM /2+BbBQM �M/ /Bb+Qp2`v T`Q+2bb2b

! �++2H2`�iBM; /Bb+Qp2`v pB� K�+?BM2 H2�`MBM; T`2/B+iBQM

Disease 

Candidate drugs

…… × 100000

Traditional 
approach

Prioritize  
high-score drugs

Expensive  
clinical trials…

× 1000

Smaller set

FDA approval

ML-assisted 
approach

black 
box

Virtual screening  
(ML prediction)

[Koutsoukas et al., 2017] 
[Vamathevan et al., 2019]  
[Dara et al., 2021] 

…… × 100000

Predicted activity scores

̂Y1 ̂Y2
̂Y3 ̂Y4

̂Y6
Low cost & fast  
once prediction model is built
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JG BM /2+BbBQM �M/ /Bb+Qp2`v T`Q+2bb2b

! �++2H2`�iBM; /Bb+Qp2`v pB� K�+?BM2 H2�`MBM; T`2/B+iBQM

…… × 100000

Predicted activity scores

̂Y1 ̂Y2
̂Y3 ̂Y4

̂Y6

Disease 

Candidate drugs

…… × 100000

Traditional 
approach

Prioritize  
high-score drugs

Expensive  
clinical trials…

× 1000

Smaller set

FDA approval

ML-assisted 
approach

black 
box

Virtual screening  
(ML prediction)

What guarantee is sensible?

Can prediction from complex 
machines be trusted?

8 f j8



Pm` T`QTQb�H

! .`m; /Bb+Qp2`v rBi? 2``Q` +QMi`QH QM i?2 b2H2+i2/

Disease 

Candidate drugs

…… × 100000

black 
box

Expensive  
clinical trials…

FDA approval

Wrapper for  
any ML model

…… × 100000

p1 p2

p3 p4

p6

Calibrated confidence scores in [0,1]

Threshold  
confidence scores

× 1000

Smaller set

e f j8



Pm` T`QTQb�H

! .`m; /Bb+Qp2`v rBi? 2``Q` +QMi`QH QM i?2 b2H2+i2/

Disease 

Candidate drugs

…… × 100000

black 
box

Expensive  
clinical trials…

FDA approval

Wrapper for  
any ML model

…… × 100000

p1 p2

p3 p4

p6

Calibrated confidence scores in [0,1]

Threshold  
confidence scores

× 1000

Smaller set

90% of this set 
are active drugs

e f j8



Pm` T`QTQb�H

! .`m; /Bb+Qp2`v rBi? 2``Q` +QMi`QH QM i?2 b2H2+i2/

Disease 

Candidate drugs

…… × 100000

black 
box

Expensive  
clinical trials…

FDA approval

Wrapper for  
any ML model

…… × 100000

p1 p2

p3 p4

p6

Calibrated confidence scores in [0,1]

Threshold  
confidence scores

× 1000

Smaller set

Trusted!

90% of this set 
are active drugs

e f j8



A/2MiB7v � 72r BMi2`2biBM; +�b2b 7`QK � ?m;2 TQQH

! S`Q#H2K b2iiBM;
! �Mv T`2@i`�BM2/ KQ/2H µ̂ : X → Y

! s, T?vbB+�Hf+?2KB+�H 72�im`2b Q7 i?2 /`m;
! u, �+iBpBiv b+Q`2 b?QmH/ r2 T?vbB+�HHv b+`22M i?2 /`m;
! u ∈ {y, R}, r?2i?2` i?2 /`m; Bb �+iBp2 7Q` i?2 /Bb2�b2
! u ∈ R, ?Qr �+iBp2 i?2 /`m; Bb 7Q` i?2 /Bb2�b2

! h`�BMBM; /�i� (sB,uB) ∼ P- B = R, . . . , MX U�H`2�/v@b+`22M2/ /`m;bV
! h2bi b�KTH2b (sM+D,uM+D) ∼ P- D = R, . . . ,KX UM2rfQi?2` /`m;b BM i?2 HB#`�`vV

! AMi2`2biBM; ⇔ i?2 mMb22M Qmi+QK2 Bb H�`;2 uM+D > +M+D

! ?B;?Hv +QKT2i2Mi +�M/B/�i2b- ?B;?Hv 2z2+iBp2 /`m;b
! +M+D, ?Qr �+iBp2 b?QmH/ i?2 /`m; uM+D #2 iQ #2 +QMbB/2`2/ ǵBMi2`2biBM;Ƕ UT`2@bT2+B}2/V
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S`2/B+iBM; i?2 mMQ#b2`p2/ `2bTQMb2b, +QM7Q`K�H T`2/B+iBQM
! UaTHBiV +QM7Q`K�H BM72`2M+2 (oQpF 2i �HX- kyy8)

! 6BM/ �Mv MQM+QM7Q`KBiv b+Q`2 o : X × Y → R Ubm+? �b o(t, v) = −|v − µ̂(t)|V
! *QKTmi2 oB = o(sB,uB) 7Q` B = R, . . . , M
! *QMbi`m+i T`2/B+iBQM BMi2`p�Hb

*̂(sM+D;α) =
{

v : o(sM+D, v) ≥ Zm�MiBH2
(
α,

∑M
B=R

R
M+RδoB +

R
M+Rδ−∞

)}

! .Bbi`B#miBQM@7`22 ;m�`�Mi22

P(uM+D ∈ *̂(sM+D;α)) ≥ R − α

7Q` 2�+? D UK�`;BM�HBx2/ Qp2` {sB,uB}M
B=R �M/ (sM+D,uM+D)V

! � HBi2`�im`2 QM +QM7Q`K�H T`2/B+iBQM 7Q` /`m; /Bb+Qp2`v (LQ`BM/2` 2i �HX- kyR9- ap2MbbQM 2i �HX- kyRd- �?H#2`; 2i
�HX- kyRd- ap2MbbQM 2i �HX- kyR3- *Q`i2b@*B`B�MQ �M/ "2M/2`- kyRN- q�M; 2i �HX- kykk)

! "mBH/ T`2/B+iBQM b2ib �M/ B/2MiB7v T`QKBbBM; /`m;b
3 f j8



Ab p�HB/Biv 7Q` QM2 bBM;H2 TQBMi bm{+B2Mi\
! *QMbB/2` i?2 #BM�`v +�b2- r?2`2 u = R Bb Q7 BMi2`2bi

! *QM7Q`K�H T`2/B+iBQM b2ib i�F2 i?2 7Q`K {y}, {R}, {y, R}
! P(uM+D ∈ *̂(sM+D;α)) ≥ R − α- Qp2` {sB,uB}M

B=R �M/ (sM+D,uM+D)

! q?�i B7 r2 +QMbi`m+i *̂(sM+D;α) �M/ +?QQb2 i?Qb2 *̂(sM+D;α) = {R}\
! *Qp2`�;2 QM �p2`�;2 /Q2b MQi BKTHv +Qp2`�;2 QM b2H2+i2/ QM2b

0.00

0.25

0.50

0.75

0.7 0.8 0.9 1.0
Marginal confidence level

R
ea

liz
ed

 m
is

co
ve

ra
ge Proportion of {1}

type marginal set−conditional (FDR)

! t@�tBb Bb K�`;BM�H +Qp2`�;2 H2p2H R − α

! /�`F +m`p2 Bb KBb+Qp2`�;2 7Q` �HH i2bi /�i�
! Q`�M;2 +m`p2 Bb KBb+Qp2`�;2 7Q` i?Qb2

*̂(sM+D;α) = {R}
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h?2 b2H2+iBQM Bbbm2 rBi? KmHiBTH2 /2+BbBQMb

! q?�i B7 r2 +QMbi`m+i *̂(sM+D;α) �M/ +?QQb2 i?Qb2 b22KBM;Hv T`QKBbBM; QM2b\
! *Qp2`�;2 QM �p2`�;2 /Q2b MQi BKTHv +Qp2`�;2 QM b2H2+i2/ QM2b

X

Y

Ry f j8



.2+BbBQM �M/ /Bb+Qp2`v T`Q+2bb2b

! 1``Q` QM i?2 b2H2+i2/ Bb KQ`2 Q7 +QM+2`M

Traditional 
approach

Physical 
screening (HTS)

…… × 100000

Evaluated activity scores

Y1 Y2

Y3 Y4

Y6

Disease 

Candidate drugs

…… × 100000

Prioritize  
high-score drugs

Expensive  
clinical trials…

× 1000

Smaller set

FDA approval

2. Costly follow-up studies 
on the selected
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1``Q` +QMi`QH QM i?2 b2H2+i2/

! q2 r�Mi iQ b2H2+i i?Qb2 uM+D > +M+D �KQM; i2bi b�KTH2b
! h`�BMBM; /�i� (sB,uB) ∼ P- B = R, . . . , MX U�H`2�/v@b+`22M2/ /`m;bV
! h2bi b�KTH2b (sM+D,uM+D) ∼ P- D = R, . . . ,KX UM2rfQi?2` /`m;b BM i?2 HB#`�`vV
! +M+D, ?Qr �+iBp2 b?QmH/ i?2 /`m; #2 iQ #2 +QMbB/2`2/ ǵBMi2`2biBM;Ƕ

! GBKBiBM; i?2 T`QTQ`iBQM Q7 7�Hb2 b2H2+iBQMb, 6._ +QMi`QH

E
[∑K

D=R 1{uM+D ≤ +M+D #mi b2H2+i2/}
R ∨

∑K
D=R 1{uM+D b2H2+i2/}

]
≤ [

! q?v +QmMiBM; i?2 2``Q`\ *Qbi Q7 7QHHQr@mT bim/B2b- +Qbi Q7 BMi2`pB2rb- +Qbi Q7 � KBbbBM; T�iB2MiXXX

! q?v T`QTQ`iBQM\ h`�/2Qz #2ir22M +Qbib �M/ `2r�`/b

Rk f j8



a2H2+iBQM #v T`2/B+iBQM rBi? +QM7Q`K�H T@p�Hm2b

! h2biBM; `�M/QK ?vTQi?2b2b

>D : uM+D ≤ +M+D, D = R, . . . ,K.

! _2D2+iBM; >D K2�Mb +H�BKBM; uM+D > +M+D

! Pm` B/2�, +QMbi`m+i T@p�Hm2b 7Q` i?2b2 ?vTQi?2b2b �M/ /Q +H�bbB+�H

Rj f j8



a2H2+iBQM #v T`2/B+iBQM rBi? +QM7Q`K�H T@p�Hm2b
! � ;2M2`�H bi`�i2;v

! *QMbi`m+i KQMQiQM2 MQM+QM7Q`KBiv b+Q`2 o(t, v)- bm+? i?�i v ≤ v′ BKTHB2b o(t, v) ≤ o(t, v′)
! PM2@bB/2/ `2bB/m�H o(t, v) = v − µ̂(t)
! 6Bii2/ +mKmH�iBp2 /Bbi`B#miBQM 7mM+iBQM o(t, v) = Ŝ(u ≤ v |s = t)

! *QMbi`m+i i`�BMBM; b+Q`2b oB := o(sB,uB)- B = R, . . . , M
! *QMbi`m+i i2bi b+Q`2b ôM+D := o(sM+D, +M+D)- D = R, . . . ,K
! P#i�BM b2H2+iBQM b2i #v ">U[V T`Q+2/m`2 rBi? +QM7Q`K�H T@p�Hm2b UMQ iB2bV

TD =

∑M
B=R 1 {oB < ôM+D}+ lD

M + R , lD ∼ lMB7[y, R]

! h?�i Bb- R = {D : TD ≤ [F∗/K}- r?2`2 F∗ = max{F : ∑K
D=R 1{TD ≤ [F/K} ≥ F}

h?2 �#Qp2 T`Q+2/m`2 +QMi`QHb 6._ #2HQr [ 7Q` BXBX/X Q` 2t+?�M;2�#H2 /�i�

R9 f j8



"�+F iQ i?2 /`m; /Bb+Qp2`v TBT2HBM2

Disease 

Candidate drugs

…… × 100000 …… × 100000

p1 p2

p3 p4

p6

Calibrated confidence scores

Use training  
data

black 
box

ML model

…… × 100000

Predicted activity scores

̂Y1 ̂Y2
̂Y3 ̂Y4

̂Y6

BH(q)

× 1000

Small set with  
90% active drugs

R8 f j8



*QM7Q`K�H T@p�Hm2b pB� BMp2`iBM; +QM7Q`K�H T`2/B+iBQM BMi2`p�Hb

! TD Bb i?2 bK�HH2bi α bm+? i?�i QM2@bB/2/ UR − αV T`2/B+iBQM BMi2`p�H 2t+Hm/2b U�HH HB2b �#Qp2V +M+D

TD = inf
{
α : +M+D /∈ *̂(sM+D;α)

}
, r?2`2

*̂(sM+R;α) =
{

v : o(sM+R, v) ≥ Zm�MiBH2
(
α,

∑M
B=R

R
M+RδoB +

R
M+Rδ−∞

)}
.

! � bK�HH T@p�Hm2 BM/B+�i2b i?�i +M+D Bb bK�HH2` i?�M i?2 ivTB+�H #2?�pBQ` Q7 uM+D

Interpreting the confidence measure 

‣ Recall: Interested in large outcomes:  for some user-specified Yn+j > cn+j cn+j

pj =
∑n

i=1 1{Vi < ̂Vn+j} + Uj

n + 1 , Uj ∼ Unif[0,1]

 critical point  such that  is all larger than  
    A smaller  means  is smaller than the typical behavior of 
≈ α Ĉ(Xn+j; α) cn+j

pj cn+j Yn+j

pj ≈ inf {α : cn+j ∉ Ĉ(Xn+j; α)}
Ĉ(Xn+j; α) = {y : V(Xn+j, y) ≥ Quantile(α, ̂Pn(V1, …, Vn))}

pj

α

0

By monotonicity,
Ĉ(Xn+j; α) = [η(Xn+j; α), ∞)

cn+j

Re f j8



S@p�Hm2b 7Q` `�M/QK ?vTQi?2b2b
! AM +QMp2MiBQM�H b2iiBM; rBi? /2i2`KBMBbiB+ ?vTQi?2b2b- r2 Q7i2M `2Hv QM

P(TD ≤ α) ≤ α 7Q` D ∈ Hy

! Pm` TD BMbi2�/ b�iBb}2b � ;2M2`�HBx2/ MQiBQM Q7 ǴivT2@A 2``Q`Ǵ +QMi`QH,

P(TD ≤ α, D ∈ Hy) ≤ α,

AM T�`iB+mH�`- Bi Q#2vb i?�i 7Q` bQK2 Ǵ�Hr�vb MmHHǴ T∗
D ∼ lMB7(y-R)-

TD ≥ T∗
D QM i?2 2p2Mi {D ∈ Hy}.

! 6._ +QMi`QH +QK2b 7`QK i?Bb MmHH T`QT2`iv Y S_.a �KQM; �HH T@p�Hm2b
Rd f j8



h?2Q`v 7Q` 6._ +QMi`QH

q`Bi2 wB = (sB,uB) 7Q` B = R, . . . , M + K �M/ w̃M+D = (sM+D, +M+D) 7Q` D = R, . . . ,KX

h?2Q`2K UCX �M/ *�M/ĕb- kykkV
amTTQb2 o Bb KQMQiQM2- i?2 i`�BMBM; /�i� {wB}M

B=R �M/ i2bi /�i� {wM+D}K
D=R �`2 BXBX/X- �M/ /�i� BM

{wB}M
B=R ∪ {w̃M+!}! $=D ∪ {wM+D} �`2 Kmim�HHv BM/2T2M/2Mi 7Q` �Mv DX h?2M- 7Q` �Mv [ ∈ (y, R)- i?2 QmiTmi

R Q7 Qm` T`Q+2/m`2 rBi? BMTmi H2p2H [ b�iBb}2b

6._ = E
[∑K

D=R A{D ∈ R,uM+D ≤ +M+D}
R ∨ |R|

]
≤ [.

R3 f j8



h?2Q`v 7Q` 6._ +QMi`QH
! ai2T R, G2�p2@QM2@Qmi

! .2}M2 ǵQ`�+H2Ƕ T@p�Hm2b T∗
D =

∑M
B=R 1 {oB<oM+D}+lD

M+R - r?2`2 oM+D = o(sM+D,uM+D) ("�i2b 2i �HX- kykR)

! G2i R∗
D = ">([; TR, . . . , TD−R, T∗

D , TM+D, . . . , TM)

! PM i?2 2p2Mi {D ∈ R,uM+D ≤ +M+D}- QM2 ?�b R = R∗
D �M/ T∗

D ≤ TD- ?2M+2

E
[∑K

D=R 1{uM+D ≤ +M+D, D ∈ R}
R ∨ |R|

]
≤

K∑

D=R
E
[
1{uM+D ≤ +M+D, TD ≤ [|R∗

D |/K}
R ∨ |R∗

D |

]
≤

K∑

D=R
E
[
1{T∗

D ≤ [|R∗
D |/K}

R ∨ |R∗
D |

]

! ai2T k, S_.a 7Q` 6._ +QMi`QH
! 6Q` 2�+? D- (TR, . . . , TD−R, TD+R, . . . , TK) Bb S_.a QM T∗

D

! �HbQ- T∗
D ∼ lMB7[y, R]X h?mb

K∑

D=R
E
[
1{T∗

D ≤ [|R∗
D |/K}

R ∨ |R∗
D |

]
≤

K∑

D=R

[
K = [.

RN f j8



SQr2` +QMbB/2`�iBQMb

! q?BH2 6._ Bb +QMi`QHH2/ 7Q` �Mv KQMQiQM2 b+Q`2 o- bQK2 Bb TQr2`7mH

! A7 i?2 i?`2b?QH/b �`2 +QMbi�Mi +M+D ≡ +- � T�`iB+mH�`Hv TQr2`7mH +?QB+2 Bb i?2 ǵ+HBTT2/Ƕ b+Q`2

o(t, v) = +∞ · 1{v > +}+ + · 1{v ≤ +}− µ̂(t)

! AM i?2 #BM�`v +�b2 rBi? + = y- �M B/2�H b+Q`2 b?QmH/ #2 KQMQiQM2 BM P(u = R |s = t)

ky f j8



_2�H /�i�, .`m; T`QT2`iv T`2/B+iBQM 7Q` >Ao

! u ∈ {y, R}, r?2i?2` i?2 /`m;b BMi2`�+i rBi? i?2 /Bb2�b2

! MiQi = 9RRkd BM iQi�H- e : k : k bTHBi- j% BM i?2 i`�BMBM; 7QH/ �`2 �+iBp2

! 6._ H2p2H, [ ∈ {y.R, y.k, y.8}

! aK�HH M2m`�H M2irQ`F 7Q` BHHmbi`�iBQM U+�M #2 KQ`2 +QKTHB+�i2/V

6._ SQr2` |R|
G2p2H [ yXR yXk yX8 yXR yXk yX8 yXR yXk yX8

">n+HBT yXyN8d yXRNe yX9N8 yXyd33 yXRd9 yX9Ry keX8 e9Xk k9y
">n`2b yXyN3N yXRNe yX9N9 yXydee yXRd9 yX9Ry k8X3 e9X9 kjN

h�#H2, 6._ �M/ TQr2` Q7 i?2 i?`22 K2i?Q/b �p2`�;2/ Qp2` L = Ryy `�M/QK bTHBibX

kR f j8



aQ 7�`- �M/ M2ti

! _2HB�#H2 b+`22MBM; Y b2H2+iBQM T`Q+2/m`2 7`QK �Mv T`2/B+iBQM KQ/2H

! qQ`Fb 7Q` BXBX/X Q` 2t+?�M;2�#H2 UBX2X- }MBi2 TQTmH�iBQMV i`�BMBM; �M/ i2bi b�KTH2b

! L2ti, /Bbi`B#miBQM b?B7ib
! �`2 Kv 2p�Hm�i2/ /`m;b +QKT�`�#H2 iQ i?2 mMFMQrM /`m;b\

Distribution shifts

‣ The only assumption for this method to work is i.i.d. data 

‣ Are my evaluated drugs comparable to the unknown drugs?

‣ Yes if the evaluated ones are drawn without preference from your library

‣ No if you preferred drugs with some specific structures, etc

Training drugs New drugs

! aBKBH�` +QM+2`Mb �TTHv iQ DQ# `2+`mBiBM;- ?2�Hi? `BbF KQMBiQ`BM;- 2i+

kk f j8



a2H2+iBQM #v T`2/B+iBQM mM/2` +Qp�`B�i2 b?B7ib

! q2 �bbmK2 i?�i i?2 i2bi /�i� {(sM+D,uM+D)}
BXBX/X∼ Q 7Q` bQK2 mMFMQrM Q

! h?2 i`�BMBM; U+�HB#`�iBQMV /�i� �`2 {(sB,uB)}
BXBX/X∼ P i?�i Q#2vb

/Q
/P (t, v) = r(t)

7Q` bQK2 FMQrM r2B;?i 7mM+iBQM r : X → R+ (hB#b?B`�MB 2i �HX- kyRN)

! aiBHH r�Mi iQ }M/ uM+D > +M+D rBi? 6._ +QMi`QH
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a2H2+iBQM #v T`2/B+iBQM mM/2` +Qp�`B�i2 b?B7ib

! A7 r2 �TTHv i?2 T`2pBQmb K2i?Q/b r?2M i?2`2 Bb �+im�HHv +Qp�`B�i2 b?B7i
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6._ +�M #2 pBQH�i2/
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a2H2+iBQM #v T`2/B+iBQM mM/2` +Qp�`B�i2 b?B7ib

! _2TH�+2 +QM7Q`K�H T@p�Hm2b #v r2B;?i2/ +QM7Q`K�H T@p�Hm2b
! *QMbi`m+i KQMQiQM2 MQM+QM7Q`KBiv b+Q`2 o(t, v)- bm+? i?�i v ≤ v′ BKTHB2b o(t, v) ≤ o(t, v′)
! *QMbi`m+i ôM+D = o(sM+D, +M+D)- D = R, . . . ,K �M/ oB = o(sB,uB)- B = R, . . . , M
! *QKTmi2 r2B;?i2/ +QM7Q`K�H T@p�Hm2b UMQ iB2bV

TD =

∑M
B=R r(sB)1 {oB < ôM+D}+ r(sM+D)∑M

B=R r(sB) + r(sM+D)

! q2 �;�BM ?�p2 ;2M2`�HBx2/ ivT2@A 2``Q` +QMi`QH mM/2` +Qp�`B�i2 b?B7i,

P(TD ≤ α, D ∈ Hy) ≤ α, ∀α ∈ (y, R)

! Zm2biBQM, .Q2b i?2 T`2pBQmb `2+BT2 7Q` 6._ +QMi`QH �TTHv\
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q2B;?i2/ +QM7Q`K�H T@p�Hm2b �`2 MQi S_.a

h?2Q`2K UCX �M/ *�M/ĕb- BM T`2T�`�iBQM- kykjYV
amTTQb2 r2 +QMbi`m+i TD rBi? +M+D = uM+DX h?2M i?2`2 2tBbib � r2B;?i 7mM+iBQM r(·) �M/ � KQMQiQM2
b+Q`2 7mM+iBQM o(·, ·)- bm+? i?�i i?2 r2B;?i2/ +QM7Q`K�H T@p�Hm2b �`2 MQi S_.aX

! h?2 S_.a T`QT2`iv K�v 7�BH r?2M o(sB,uB) �`2 M2;�iBp2Hv �bbQ+B�i2/ rBi? r(sB)

! q?v\
! qBi?Qmi r2B;?ib- bK�HH TD ⇔ H�`;2 i`�BMBM; b+Q`2b {oB} ⇔ bK�HH Qi?2` T@p�Hm2b
! qBi? /�i�@/2T2M/2Mi r2B;?ib- QM2 +�MMQi i2HH r?2i?2` � bK�HH TD Bb /m2 iQ H�`;2 i`�BMBM; b+Q`2b

U?2M+2 Qi?2` T@p�Hm2b �`2 bK�HHV Q` bK�HH i`�BMBM; r2B;?ib U?2M+2 Qi?2` T@p�Hm2b +�M #2 H�`;2V
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.Q2b "> Y r2B;?i2/ T@p�Hm2b biBHH rQ`F\

! q2 +�M b?Qr �TTHvBM; ">U[V iQ r2B;?i2/ +QM7Q`K�H T@p�Hm2b +QMi`QHb 6._ �bvKTQiQiB+�HHv
! 6Q` }t2/ K �M/ M → ∞- Q` K, M → ∞ r?2M /�i� �`2 BXBX/X 7`QK P �M/ Q
! Ai �HbQ 2KTB`B+�HHv +QMi`QHb i?2 6._ BM KQbi Q7 Qm` MmK2`B+�H 2tT2`BK2Mib

! "mi r2 `2+2MiHv Q#b2`p2 pBQH�i2/ 6._ BM � H�`;2@b+�H2 /`m; /Bb+Qp2`v i�bF U}MBi2 TQTmH�iBQMV

! h?2Q`2iB+�HHv- Bi Bb biBHH �M QT2M T`Q#H2K
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� M2r �TT`Q�+? iQ 2t�+i 6._ +QMi`QH
! *QKTmi2 oB- ôM+D- �M/ TD �b #27Q`2

! *�HB#`�i2 i?2 `2D2+iBQM i?`2b?QH/ Q7 TD pB� ǵ�mtBHB�`v T@p�Hm2bǶ
! 6Q` 2�+? D- 7Q` �HH # += D- /2}M2

T(D)
! =

∑M
B=R r(sB)1 {oB < ôM+!}+ r(sM+D)1{ôM+D < ôM+!}∑M

B=R r(sB) + r(sM+D)

U�b QTTQb2/ iQV T! =

∑M
B=R r(sB)1 {oB < ôM+!}+ r(sM+!)∑M

B=R r(sB) + r(sM+!)

! G2i R̂D #2 i?2 `2D2+iBQM b2i Q7 ">U[V �TTHB2/ iQ {y} ∪ {T(D)
! }! %=D

! a2i i?2 `2D2+iBQM i?`2b?QH/ bD = [|R̂D|/K

! P#i�BM i?2 }M�H `2D2+iBQM b2i

R :=
{

D : TD ≤ bD, ξD|R̂D| ≤ `∗
}
, `∗ := max{` : ∑K

D=R 1 {TD ≤ bD, ξD|R̂D| ≤ `} ≥ `}

r?2`2 2Bi?2` ξD ≡ R- ξD ≡ ξ ∼ lMB7[y, R]- Q` ξD
BXBX/X∼ lMB7[y, R]X

! h?2 H�bi bi2T Bb 2[mBp�H2Mi iQ `mMMBM; ">U[V QM {ξD · [|R̂D|
K 1{TD≤bD}}
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1t�+i 6._ +QMi`QH

h?2Q`2K UCX �M/ *�M/ĕb- BM T`2T�`�iBQM- kykjYV
amTTQb2 {wB}M

B=R
BXBX/X∼ P �M/ {wM+D}K

D=R
BXBX/X∼ Q 7Q` wB = (sB,uB)- �M/ i?2 +Qp�`B�i2 b?B7i ?QH/b 7Q` r(·)X

�bbmK2 i?�i 7Q` 2�+? D = R, . . . ,K- /�i� BM {wR, . . . ,wM,wM+D} ∪ {w̃M+!}! $=D �`2 Kmim�HHv BM/2T2M/2Mi
7Q` w̃M+! = (sM+!, +M+!)X h?2M �HH i?`22 +?QB+2b Q7 {ξD} H2�/ iQ

E
[∑K

D=R 1 {D ∈ R, D ∈ Hy}
R ∨ |R|

]
≤ [,

r?2`2 i?2 2tT2+i�iBQM Bb i�F2M Qp2` #Qi? +�HB#`�iBQM �M/ i2bi /�i�X
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h?2Q`v, bi2T A

! S`QQ7 bi2T R, 1ti2M/BM; i?2 +QM/BiBQM�H +�HB#`�iBQM B/2� (6Bi?B�M �M/ G2B- kykk)- QM2 +�M b?Qr i?�i
rBi? �HH i?`22 +?QB+2b Q7 {ξD}-

E
[∑K

D=R 1 {D ∈ R, D ∈ Hy}
R ∨ |R|

]
≤

K∑

D=R
E
[
1 {TD ≤ bD,uM+D ≤ +M+D}

|R̂D|

]
.
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h?2Q`v, bi2T AA- H2�p2@QM2@Qmi �M�HvbBb

! S`QQ7 bi2T k, G2�p2@QM2@Qmi �M�HvbBbX q2 `2H�i2 TD �M/ T(D)
! iQ

T∗
D =

∑M
B=R r(sB)1 {oB < oM+D}+ r(sM+D)∑M

B=R r(sB) + r(sM+D)
,

T∗,(D)
! =

∑M
B=R r(sB)1 {oB < ôM+!}+ r(sM+D)1{oM+D < ôM+!}∑M

B=R r(sB) + r(sM+D)

h?2 QMHv /BbiBM+iBQM #2ir22M i?2K Bb r?2i?2` r2 mb2/ ôM+D Q` oM+D

! .2}M2 � ǵT`QtvǶ `2D2+iBQM b2i R∗
D→y = ">

(
[; T∗,(D)

R , · · · , T∗,(D)
D−R , y, T

∗,(D)
D+R , · · · , T∗,(D)

K
)

! � KQ`2 +QKTHB+�i2/ H2�p2@QM2@Qmi �M�HvbBb vB2H/b
K∑

D=R
E
[
1 {TD ≤ bD,uM+D ≤ +M+D}

|R̂D|

]
≤

K∑

D=R
E
[
1 {T∗

D ≤ [|R∗
D→y|/K}

|R∗
D→y|

]
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h?2Q`v, bi2T AAA- +QM/BiBQM�H BM/2T2M/2M+2
! S`QQ7 bi2T j, .m2 iQ +Qp�`B�i2 b?B7i-

T∗
D ⊥⊥

∣∣R∗
D→y

∣∣
∣∣∣ wD, ∀D

7Q` i?2 mMQ`/2`2/ b2i wD = [wR, . . . ,wM,wM+D]- r?2`2 wB = (sB,uB)

! � `Qm;? �`;mK2Mi,
! |R∗

D→y| QMHv /2T2M/b QM i?2 mMQ`/2`2/ b2i wD �M/ {ôM+!}! %=D

! T∗
D �M/ wD �`2 BM/2T2M/2Mi Q7 {ôM+!}! %=D

! �HbQ- T∗
D |wD biQ+?�biB+�HHv /QKBM�i2b lMB7[y, R]X h?Bb ;Bp2b

K∑

D=R
E
[
1 {T∗

D ≤ [|R∗
D→y|/K}

|R∗
D→y|

]
≤

K∑

D=R
E
[

[|R∗
D→y|/K

|R∗
D→y|

]
= [.

! *QMM2+iBQM iQ +QM/BiBQM�H +�HB#`�iBQM (6Bi?B�M �M/ G2B- kykk), wD b2`p2b �b i?2 ǵbm{+B2Mi bi�iBbiB+Ƕ
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_2�H /�i�, /`m;@i�`;2i BMi2`�+iBQM T`2/B+iBQM mM/2` #B�b2/ b�KTHBM;
! .�oAa /�i�b2i- u ∈ R +QMiBMmQmb #BM/BM; �{MBiB2b- s 72�im`2 7Q` /`m;@i�`;2i T�B`b

! MiQi = jyyey /`m;@i�`;2i T�B`b BM iQi�H- k : k : e bTHBi

! *Qp�`B�i2 b?B7i +`2�i2/ #v T`272``BM; ?B;?@T`2/B+iBQM /`m;b BM +�HB#`�iBQM /�i�

! +M+D4 i?2 [TQT@i? [m�MiBH2 Q7 i?2 Qmi+QK2b Q7 i?2 i`�BMBM; b�KTH2b rBi? i?2 b�K2 #BM/BM; i�`;2i
�b b�KTH2 D- r?2`2 [TQT ∈ {y.d, y.3, y.N}X 6._ H2p2H, [ ∈ {y.R, y.k, y.8}

FDR target = 0.1 FDR target = 0.2 FDR target = 0.5
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Pi?2` �TTHB+�iBQMb Q7 i?Bb 7`�K2rQ`F

! .2i2+iBM; TQbBiBp2 BM/BpB/m�H i`2�iK2Mi 2z2+ib
! ∆ = P(R)− P(y) Bb i?2 /Bz2`2M+2 #2ir22M Qmi+QK2 mM/2` i`2�iK2Mi P(R) �M/ mM/2` +QMi`QH P(y)
! Pm` K2i?Q/ �HHQrb 7Q` }M/BM; PM+D(R) > PM+D(y) i2bi mMBib BM i?2 +QMi`QH ;`QmT UbQ i?�i PM+D(y) Bb

Q#b2`p2/- #mi PM+D(R) Bb MQiV rBi? 6._ +QMi`QH
! Ai Bb 2[mBp�H2Mi iQ i�FBM; uM+D = PM+D(R) �M/ +M+D = PM+D(y)
! qQ`Fb 2p2M i?Qm;? irQ [m�MiBiB2b �`2 M2p2` Q#b2`p2/ 7Q` +�HB#`�iBQM /�i�

! .2i2+iBM; QmiHB2`bf+QM+2Ti /`B7ib mM/2` +Qp�`B�i2 b?B7i
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amKK�`v

! q2 �`;m2 6._ �b � b2MbB#H2 2``Q` +`Bi2`BQM BM T`2/B+iBQM@�bbBbi2/ b+`22MBM; �M/ /Bb+Qp2`v

! J2i?Q/b i?�i im`Mb �Mv T`2/B+iBQM KQ/2H BMiQ � `2HB�#H2 b2H2+iBQM T`Q+2/m`2
! S@p�Hm2 �M/ KmHiBTH2 i2biBM; 7Q` `�M/QK ?vTQi?2b2b

! 1ti2M/ iQ b2iiBM;b rBi? +Qp�`B�i2 b?B7ib
! aQK2 KQ`2 +QKTHB+�i2/ K2i?Q/QHQ;v � i?2Q`v

U}`bi T�`iV �`sBp, kkRyXyR9y3

Summary

‣ In prediction-assisted screening problems, FDR can be a sensible measure

Candidate drugs

……× 100000

 
 

black 
box

any ML 
model

‣ Useful if interested in “large” outcomes 
‣ Builds confidence scores (p-values) upon any prediction model 
‣ Controls FDR so that your follow-up investigations are well-deserved

‣ A method that turns any prediction model into a reliable selection procedure 

‣ Some more complicated methodology & theory

‣ Extension to situations with covariate shifts

× 1000

Small set with  
(1-q) true discovery

Trust
ed!
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